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Îëåêñàíäð Iâàíîâè÷ Ñòåïàíåöü
(1942 � 2007)

24 òðàâíÿ 2017 ðîêó âèïîâíþ¹òüñÿ 75 ðîêiâ âiä äíÿ íàðîäæåííÿ âèäàòíîãî óêðà¨íñüêîãî
ìàòåìàòèêà, äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîðà, ÷ëåíà-êîðåñïîíäåíòà ÍÀÍ
Óêðà¨íè Îëåêñàíäðà Iâàíîâè÷à Ñòåïàíöÿ.

Îëåêñàíäð Iâàíîâè÷ íàðîäèâñÿ 24 òðàâíÿ 1942 ðîêó â ñåëi Êîìàðiâêà íà ×åðíiãiâùèíi ó
â÷èòåëüñüêié ðîäèíi. Ó 1959 ðîöi çi ñðiáíîþ ìåäàëëþ çàêií÷èâ Êîìàðiâñüêó ñåðåäíþ øêîëó
i ó 1960 ðîöi âñòóïèâ íà ìåõàíiêî-ìàòåìàòè÷íèé ôàêóëüòåò Êè¨âñüêîãî äåðæàâíîãî óíi-
âåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà. Âæå ïiä ÷àñ íàâ÷àííÿ â óíiâåðñèòåòi ïiä êåðiâíèöòâîì
Â.Ê. Äçÿäèêà çðîáèâ ïåðøi êðîêè ó âåëèêó íàóêó.

Ïî çàêií÷åííi óíiâåðñèòåòó ó æîâòíi 1965 ðîêó ïî÷àâ ïðàöþâàòè íà ïîñàäi iíæåíåðà â
Iíñòèòóòi ìàòåìàòèêè ÀÍ ÓÐÑÐ, â ÿêîìó ïðîïðàöþâàâ äî êiíöÿ ñâîãî æèòòÿ. Ó 1967 ðîöi
âñòóïèâ äî àñïiðàíòóðè Iíñòèòóòó ìàòåìàòèêè i äîñòðîêîâî ó 1969 ðîöi çàõèñòèâ êàíäè-
äàòñüêó äèñåðòàöiþ. Ó 1974 ð. âií áëèñêó÷å çàõèñòèâ äèñåðòàöiþ íà çäîáóòòÿ íàóêîâîãî
ñòóïåíÿ äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ íàóê. Ó 1982 ð. Î.I. Ñòåïàíöþ áóëî ïðèñâî¹íî â÷å-
íå çâàííÿ ïðîôåñîðà. Ó 1997 ð. îáðàíî ÷ëåíîì-êîðåñïîíäåíòîì ÍÀÍ Óêðà¨íè. Ç 1990 ð.
Îëåêñàíäð Iâàíîâè÷ � çàâiäóâà÷ âiääiëó òåîði¨ ôóíêöié, ç 1996 ð. � çàñòóïíèê äèðåêòîðà
ç íàóêîâî¨ ðîáîòè Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè.

Î.I. Ñòåïàíåöü âiäîìèé ñïåöiàëiñò ó ãàëóçi òåîði¨ íàáëèæåííÿ ôóíêöié äiéñíî¨ òà êîì-
ïëåêñíî¨ çìiííî¨, òåîði¨ ðÿäiâ Ôóð'¹, ãàðìîíi÷íîãî àíàëiçó, òåîði¨ åêñòðåìàëüíèõ çàäà÷.

Ó 70-õ ðîêàõ ìèíóëîãî ñòîëiòòÿ âií ñòâîðèâ ìåòîäè, ùî äîçâîëÿþòü ðîçâ'ÿçóâàòè çàäà÷ó
Êîëìîãîðîâà-Íiêîëüñüêîãî íà êëàñàõ ôóíêöié ÿê îäíi¹¨, òàê i áàãàòüîõ çìiííèõ, ÿêi âèçíà-
÷àþòüñÿ çà äîïîìîãîþ ìîäóëiâ íåïåðåðâíîñòi. Çîêðåìà, íèì áóëî äîâåäåíî áàãàòîâèìiðíèé
àíàëîã ëåìè Êîðí¹é÷óêà-Ñòå÷êiíà. Öå äàëî çìîãó çíàéòè ðîçâ'ÿçêè çàäà÷i Êîëìîãîðîâà-
Íiêîëüñüêîãî äëÿ áàãàòüîõ ëiíiéíèõ ïðîöåñiâ ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹, äëÿ ÿêèõ öi
çàäà÷i ðîçâ'ÿçàòè iñíóþ÷èìè ðàíiøå ìåòîäàìè íå âäàâàëîñü.

Äî ïî÷àòêó 80-õ ðîêiâ XX ñòîði÷÷ÿ íàéáiëüø çàãàëüíèìè êëàñàìè ïåðiîäè÷íèõ ôóí-
êöié, äëÿ ÿêèõ ðîçãëÿäàëèñü çàäà÷i òåîði¨ íàáëèæåíü, áóëè êëàñè, ùî âèçíà÷àþòüñÿ ïî-
õiäíèìè ó ñåíñi Âåéëÿ òà Âåéëÿ�Íàäÿ. Öi êëàñè âiäiãðàþòü äóæå âàæëèâó ðîëü ó ðiçíèõ
ðîçäiëàõ ìàòåìàòèêè, ïðîòå â øêàëàõ öèõ êëàñiâ íåìîæëèâî ðàíæóâàòè ñóìîâíi ôóíêöi¨
ìàëî¨ ãëàäêîñòi, ÿêi íå ìàþòü æîäíî¨ ç òàêèõ ïîõiäíèõ, à òàêîæ íåñêií÷åííî äèôåðåíöi-
éîâíi ôóíêöi¨.

Ó 1983 ðîöi Îëåêñàíäð Iâàíîâè÷ Ñòåïàíåöü ââiâ ïîíÿòòÿ (ψ, β̄)-ïîõiäíî¨, ÿêå âêëþ÷à¹
â ñåáå i ïîíÿòòÿ ïîõiäíèõ çà Âåéëåì òà çà Âåéëåì-Íàä¹ì. Ñòâîðåíà íèì êëàñèôiêàöiÿ
ïåðiîäè÷íèõ ôóíêöié ìà¹ äîñèòü çàãàëüíèõ õàðàêòåð, îñêiëüêè âîíà ç îäíîãî áîêó äîçâî-
ëÿ¹ ðàíæóâàòè âñþ ìíîæèíó ñóìîâíèõ (íåïåðåðâíèõ) ôóíêöié, à ç iíøîãî � äà¹ çìî-
ãó âèîêðåìëþâàòè äîâîëi òîíêi îñîáëèâîñòi ôóíêöié. Óíàñëiäîê áàãàòîði÷íî¨ äiÿëüíîñòi
Î. I. Ñòåïàíöÿ, éîãî ó÷íiâ i ïîñëiäîâíèêiâ áóëè ñòâîðåíi ìåòîäè, ùî äîçâîëÿþòü ðîçâ'ÿçó-
âàòè çàäà÷i òåîði¨ íàáëèæåíü íà ââåäåíèõ íèì êëàñàõ Lψ

β̄
N òà Cψ

β̄
N.

Íà ñüîãîäíi íà êëàñàõ Lψ
β̄
N ðîçãëÿíóòî ïðàêòè÷íî âñi îñíîâíi çàäà÷i òåîði¨ íàáëèæåíü,

ÿêi ðàíiøå ñòàâèëèñü íà êëàñàõ äèôåðåíöiéîâíèõ ôóíêöié, i îäåðæàíi ðåçóëüòàòè ¹ çà-
âåðøåíèìè íà òàêîìó ðiâíi, íà ÿêîìó âîíè áóëè âiäîìi ðàíiøå äëÿ êëàñiâ Âåéëÿ�Íàäÿ.
Îäåðæàíi ðåçóëüòàòè îõîïëþþòü âiäîìi òâåðäæåííÿ äëÿ äèôåðåíöiéîâíèõ ôóíêöié i âiä-
êðèâàþòü íîâi åôåêòè, ÿêi â øêàëàõ ðàíiøå âiäîìèõ êëàñiâ íàâiòü íå ìîãëè áóòè ïîìi-
÷åíèìè. Öÿ òåìàòèêà çíàéøëà ïîñëiäîâíèêiâ â Óêðà¨íi, Ðîñi¨, Êèòà¨, Êàíàäi, Òóðå÷÷èíi,
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Ãðóçi¨ òà iíøèõ êðà¨íàõ ñâiòó.
Î. I. Ñòåïàíåöü îäåðæàâ òàêîæ íèçêó ãëèáîêèõ îñòàòî÷íèõ ðåçóëüòàòiâ, ïîâ'ÿçàíèõ ç

íàáëèæåííÿì ëîêàëüíî ñóìîâíèõ ôóíêöié, çàäàíèõ íà äiéñíié îñi, ç íàáëèæåííÿì iíòåãðà-
ëiâ òèïó Êîøi íà ñïðÿìëþâàíèõ æîðäàíîâèõ êðèâèõ êîìïëåêñíî¨ ïëîùèíè òà ç ñèëüíèì
ïiäñóìîâóâàííÿì îðòîãîíàëüíèõ ðîçâèíåíü iíòåãðîâíèõ ôóíêöié.

Â îñòàííi ðîêè æèòòÿ Îëåêñàíäð Iâàíîâè÷ äîñëiäæóâàâ âëàñòèâîñòi ëiíiéíèõ ïðîñòîðiâ
Sp. Äëÿ òàêèõ ïðîñòîðiâ âií ðîçâ'ÿçàâ íèçêó âàæëèâèõ åêñòðåìàëüíèõ çàäà÷ i, çîêðåìà,
çàäà÷ó ïðî íàéêðàùå n-÷ëåííå íàáëèæåííÿ òà çàäà÷ó ïðî ïîïåðå÷íèê çà Êîëìîãîðîâèì
q-åëiïñî¨äiâ.

Ó òâîð÷îìó äîðîáêó Î. I. Ñòåïàíöÿ 7 ìîíîãðàôié òà áiëüø íiæ 200 íàóêîâèõ ïðàöü.
Ðåçóëüòàòè éîãî äîñëiäæåíü îòðèìàëè øèðîêå âèçíàííÿ ÿê â Óêðà¨íi, òàê i çà ¨¨ ìåæàìè,
ïðî ùî ñâiä÷èòü ïåðåâèäàííÿ éîãî ìîíîãðàôié àíãëiéñüêîþ ìîâîþ ïðåñòèæíèìè çàêîð-
äîííèìè âèäàâíèöòâàìè.

Îëåêñàíäð Iâàíîâè÷ âäàëî ïî¹äíóâàâ íàóêîâó òà îðãàíiçàöiéíó ðîáîòó ç ïåäàãîãi÷íîþ.
Âií ñòâîðèâ ìàòåìàòè÷íó øêîëó, êîòðà îá'¹äíó¹ öiëó ïëåÿäó ìàòåìàòèêiâ, ÿêi óñïiøíî
ïðàöþþòü ó ðiçíèõ íàóêîâèõ òà îñâiòíiõ öåíòðàõ Óêðà¨íè òà çà ¨¨ ìåæàìè, ïðîäîâæóþ÷è
äîáði òðàäèöi¨ âiò÷èçíÿíèõ øêië ç òåîði¨ ôóíêöié. Ñåðåä éîãî ó÷íiâ 9 äîêòîðiâ i 34 êàíäè-
äàòè íàóê. Ïiä éîãî êåðiâíèöòâîì áiëüøå íiæ 30 ðîêiâ ðåãóëÿðíî ïðîâîäèëèñÿ çàñiäàííÿ
íàóêîâèõ ñåìiíàðiâ ç òåîði¨ ôóíêöié â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà¨íè.

Íàóêîâi äîñÿãíåííÿ Î. I. Ñòåïàíöÿ îäåðæàëè äåðæàâíå i ãðîìàäñüêå âèçíàííÿ. Ó 2002
ðîöi Îëåêñàíäðó Iâàíîâè÷ó áóëî ïðèñâî¹íå ïî÷åñíå çâàííÿ "Çàñëóæåíèé äiÿ÷ íàóêè i òåõ-
íiêè Óêðà¨íè", à ó 2012 ðîöi ïðèñóäæåíî Äåðæàâíó ïðåìiþ Óêðà¨íè â ãàëóçi íàóêè i òåõíiêè
(ïîñìåðòíî). Î. I. Ñòåïàíåöü áóâ ëàóðåàòîì ðåñïóáëiêàíñüêî¨ ïðåìi¨ iìåíi Ì. Îñòðîâñüêîãî
(1974 ð.), ïðåìié ÍÀÍ Óêðà¨íè iìåíi Ì.Â. Îñòðîãðàäñüêîãî (2000 ð.) òà iìåíi Ì.Ì. Êðè-
ëîâà (2007 ð.). Âií áóâ ïî÷åñíèì ïðîôåñîðîì Âîëèíñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó òà
Ñëîâ'ÿíñüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó.

Æèòòÿ âèäàòíîãî â÷åíîãî ðàïòîâî îáiðâàëîñÿ 13 æîâòíÿ 2007 ðîêó.
Ñâiòëà ïàì'ÿòü ïðî Îëåêñàíäðà Iâàíîâè÷à Ñòåïàíöÿ íàçàâæäè çáåðåæåòüñÿ â íàøèõ

ñåðöÿõ.

À.Ì. Ñàìîéëåíêî, À.Ñ. Ðîìàíþê, À.Ñ. Ñåðäþê, Â.Â. Ñàâ÷óê,

Ñ.Î. ×àé÷åíêî, Ñ.Ì. ×óéêî, À.Ë. Øèäëi÷, I. Â. Ñîêîëåíêî,

Î.Î. Íîâiêîâ, �.Ñ. Ñiëií, Î.À. Êàäóáîâñüêèé, Î.Â. ×óéêî.
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Alexander Ivanovich Stepanets
(1942 � 2007)

May 24, 2017 marked the 75th anniversary of the birth of Alexander Ivanovich Stepanets,
outstanding Ukrainian mathematician, Doctor of Physical and Mathematical Sciences, Professor,
and the Corresponding Member of the National Academy of Sciences of Ukraine.

Alexander Ivanovich was born on May 24, 1942 in Komarivka village, Chernihiv region in
a teacher's family. In 1959, he graduated from Komarivka secondary school and was awarded
with a silver medal. In 1960, A. I. Stepanets was accepted to Taras Shevchenko State University
of Kyiv, Department of Mechanics and Mathematics. While studying at the university, he made
�rst steps in big science under the supervision of V.K. Dziadyk.

In October, 1965, A. I. Stepanets graduated from the university and started to work as an
engineer at the Institute of Mathematics of the National Academy of Sciences of Ukraine. At
the Institute of Mathematics, he had been working until the end of his life. In 1967, Alexander
Ivanovich became a postgraduate student at the Institute of Mathematics and ahead of time
in 1969 he defended the Ph.D. thesis. In 1974, he brilliantly defended the dissertation on
competition of a scienti�c degree of the Doctor of Physical and Mathematical Sciences. In
1982, A. I. Stepanets was awarded with an academic title of Professor. In 1997 he was elected
to become a Corresponding Member of the National Academy of Sciences of Ukraine. Since
1990, A. I. Stepanets headed the Department of Theory of Functions, since 1996 he was Deputy
Director for Research at the Institute of Mathematics of the the National Academy of Sciences
of Ukraine.

A. I. Stepanets is a well-known expert in the �eld of the theory of approximation of functions
of real and complex variable, in the �eld of the theory of Fourier series, harmonic analysis, theory
of extremal problems.

In the 70s of the last century, he created the methods that allowed to solve Kolmohorov-
Nikolskyi's problem on the classes of functions of one and several variables, de�ned by means of
the modules of continuity. In particular, he proved the multidimensional analogue of Korneichuk-
Stiechkin's lemma. This result allowed to �nd solutions of the problem of Kolmohorov-Nikolskyi
for many linear summation processes of Fourier's series for which these problems could not be
solved by using existing at that time methods.

Until the early 80s of the XX century classes de�ned by means of derivatives in Weyl's and
Weyl-Nagy's sense, were the most general classes of periodic functions for which problems of
the approximation theory were considered. These classes play a very important role in vari-
ous branches of mathematics; however in scales of these classes it is impossible to classify
summable functions of small smoothness which have no of such derivatives, and also in�ni-
tely di�erentiable functions. In 1983, Alexander Ivanovich Stepanets introduced the concept
of (ψ; β̄)-derivative which also included the concepts of derivatives in Weyl's and Weyl-Nagy's
sense. The classi�cation of periodic functions, created by him, is a quite general, because, on the
one hand, it allows to range all set of summable (continuous) functions, and on the other hand,
it allows to distinguish quite subtle properties of functions. As a result of long-term activity of
A. I. Stepanets, his pupils and followers, the methods have been created. These methods allow
to solve problems of the theory of approximations on the classes Lψ

β̄
N and Cψ

β̄
N, which were

introduced by him.
Currently, for the classes Lψ

β̄
N, considered by almost all the major problems of approximati-

on theory which were previously considered for classes of di�erentiable functions. The obtained
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results are completed at such a level at which they were previously known for the Weyl-Nagy
classes. These results cover the known assertions for di�erentiable functions and reveal new
e�ects which could not even be seen in scales of previously known classes. This subject has
found followers in Ukraine, Russia, China, Canada, Turkey, Georgia and other countries of the
world.

A. I. Stepanets obtained a series of profound �nal results related to the approximation
of locally summable functions given on the real axis, with the approximation of integrals of
Cauchy type on the Jordan recti�able curves of the complex plane and with strong summation
of orthogonal decomposition of the integrated functions.

In the last years of his life, Alexander Ivanovich investigated the properties of linear spaces
Sp. For such spaces, he solved a number of important extremal problems and, in particular, the
problem of best n-term approximation and the problem of the Kolmogorov width of q-ellipsoids.

There are 7 monographs and more than 200 scienti�c works in the creative heritage of
A. I. Stepanets. Results of his researches have received wide recognition both in Ukraine and
abroad, which is evidenced by the re-edition of his monographs in English by prestigious foreign
publishers.

Alexander Ivanovich successfully combined scienti�c, organizational and pedagogical work.
He created the mathematical school which unites the whole group of mathematicians who
successfully work in various scienti�c and educational centers of Ukraine and abroad, carrying
on good traditions of the national schools on the theory of functions. Among his pupils there
are 9 Doctors and 34 Candidates of Sciences. Scienti�c seminars on the theory of functions were
regularly held under his leadership at the Institute of Mathematics of the National Academy
of Sciences of Ukraine for more than 30 years.

Scienti�c achievements of A. I. Stepanets gained the state and public recognition. In 2002
the honorary title "The honored worker of science and technology of Ukraine" was given to
Aleksander Ivanovich, and in 2012 he was also awarded with the State prize of Ukraine in
science and technology (posthumously). O. I. Stepanets was a winner of a republican award of
M. Ostrovskyi (1974), awards of National Academy of Sciences of Ukraine of M.V. Ostrohradskyi
(2000) and of M.M. Krylov (2007). He was the honorary professor of Volyn National University
and of Slovyansk State Pedagogical University.

The life of the outstanding scientist suddenly broke o� on October 13, 2007.
A bright memory of Aleksandr Ivanovich Stepanets will forever remain in our hearts.

A.M. Samoilenko, A. S. Romanyuk, A. S. Serdyuk, V.V. Savchuk,

S.O. Chaichenko, S.M. Chuiko, A. L. Shydlich, I. V. Sokolenko,

O.O. Novikov, Ye. S. Silin, O.A. Kadubovs'kyi, O.V. Chuiko.
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On the some sharp inequalities for orthonormal
polynomials

F.G. Abdullayev1,2, G.A. Abdullayev2

1Kyrgyz-Turkish Manas University, Bishkek, Kyrgyzstan,
2Mersin University, Mersin, Turkey

fahreddin.abdullayev@manas.edu.kg; fabdul@mersin.edu.tr; gabdullayeva@yandex.com

Let C be a complex plane, C := C ∪ {∞}; L ⊂ C be a closed recti�able Jordan curve,
G := intL, with 0 ∈ G. Let h(z) be a non-negative, summable on L and non-zero except
possible on a set of measure zero function. The systems of polynomials {Kn(z)} , Kn(z) =
anz

n + ..., degKn = n, n = 0, 1, 2, ..., satisfying the given condition:∫
L

h(z)Kn(z)Km(z) |dz| =
{

1, n = m,
0, n 6= m,

are called orthonormal polynomials for the pair (L, h). These polynomials are determined uni-
quely if the coe�cient an > 0.

These polynomials were �rst studied in [9]. Some properties of the polynomials Kn(z) under
the various conditions on the weight function h(z) and contour L were investigated in [5]-[8],
[10]-[12], [1]-[4] and others (also, references in therein).

In this work, investigated the order of growth of the modulus of an arbitrary algebraic
polynomials in the weighted space, where the contour and the weight functions have some
singularities on the �nite points on the contour. In particular, New exact estimations for the
growth of the modulus of orthogonal polynomials were obtained.

1. Abdullayev F.G., On the some properties on orthogonal polynomials over the regions of complex
plane I. // Ukr. Math. J. � 2000. � 52, No 12. � P. 1807�1817.

2. Abdullayev F.G., On the some properties on orthogonal polynomials over the regions of complex
plane II. // Ukr. Math. J. � 2001. � 53, No 1. � P. 1�14.

3. Abdullayev F.G. On the interference of the weight boundary contour for orthogonal polynomials
over the region // J. of Comp. Anal. and Appl. � 2004. � 6, No 1. � P. 31�42.

4. Abdullayev F.G., Abdullayev G.A. On the Sharp Inequalities for Orthonormal Polynomials
Along a Contour // Complex Analysis and Operator Theory. � 2017. �No 1, DOI: 10.1007/s11785-
017-0640-1.

5. Fauth G., �Uber die Approximation analytischer Funktionen durch Teilsummenihrer Szeg�o-Entwicklung
// Mitt. Mathem. Semin. Giessen. � 1966. � 67. � P. 1�83.

6. Geronimus Ya. L., Polynomials Orthogonal on a Circle and Interval. IX + 210 S. m. 9 Tafeln.
Oxford/London/New York/Paris, 1960.

7. Korovkin P. P., Sur les polynomes orthogonaux le long d'un contour recti�able dans le cas de la
pr�esence d'un poids // Rec. Math. [Mat. Sbornik] N.S. � 1941. � 9(51), No 3, P. 469�485.

8. Kuz'mina A. L., Asymptotic representation of polynomials orthogonal on a piecewise-analytic
curves // Proc. "Functional Analysis and theory of Functions" . I. Kazan', 1963. � P. 42�50.

9. Szeg�o G., �Uber orthogonale Polynome, die zu einer gegebenen Kurve der komplexen Ebene
geh�oren // Mathem. Zeitschr. � 1921. � 9. � P. 218�270.

10. Szeg�o G., Orthogonal Polynomials. � Fizmatgis,1962, (in Russian).
11. Suetin P.K., Main properties of the orthogonal polynomials along a circle // Uspekhi Math.

Nauk. � 1966. � 21, No 2 (128). � P. 41�88.
12. Suetin P.K., On some estimates of the orthogonal polynomials with singularities weight and

contour // Sib. Math. J. � 1967. � 8, No 3. � P. 1070�1078 (in Russian).
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On the Properties of the Algebraic Polynomials in
Lp, 0 < p ≤ ∞.

F.G. Abdullayev1,2, T. Tun�c2, G.A. Abdullayev2

1Kyrgyz-Turkish Manas University, Bishkek, Kyrgyzstan,
2Mersin University, Mersin, Turkey

fahreddin.abdullayev@manas.edu.kg; ttunc77@gmail.com; gabdullayeva@yandex.com

Let C be a complex plane, G ⊂ C be a bounded Jordan region, L := ∂G , Ω := C \ G. Let
℘n denotes the class of arbitrary algebraic polynomials Pn(z) of degree at most n ∈ N.

Let 0 < p ≤ ∞. For a recti�able Jordan curve L, we denote

‖Pn‖p : =

∫
L

h(z) |Pn(z)|p |dz|

1/p

, 0 < p <∞,

‖Pn‖∞ : = max
z∈L
|Pn(z)| , p =∞.

In this we study the following inequality:

‖Pn‖∞ ≤ cµn(L, h, p) ‖Pn‖p , (1)

where c = c(L, p) > 0 is a constant which is independent of n and Pn, and µn(L, h, p) → ∞,
n → ∞, depending on the geometrical properties of curve L and weight function h. We give
condition "pay o�"singularity of the curve and weight function, so that, the estimation of (1)
has coincided with the estimation of where the boundary curve and weight functions are not
any singularities. Also investigated the cases when conditions are "pay o�"singularity of the
curve and the weight function does not hold ([1]-[3]).

1. Abdullayev F.G., �Ozkartepe N.P., On the Behav�or of the Algebra�c Polynom�al in Unbounded
Reg�ons w�th P�ecew�se D�n�-Smooth Boundary // Ukr. Math. J. � 2014. � 66, No 5. � P. 579�597.

2. Abdullayev F.G., �Ozkartepe N.P., On the growth of algebraic polynomials in the whole complex
plane // Journal of Korean Math. Soc. � 2015. � 52, No 4. � P. 699�725.

3. Abdullayev F.G., �Ozkartepe N.P., Uniform and pointwise polynomial inequalities in regions
with cusps in the weighted Lebesgue space // Jaen Journal on Approximation. � 2015. � 7,
No 2. � P. 231�261.
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Ring Q-homeomorphisms on Finsler manifolds
Elena Afanas'eva

Institute of Applied Mathematics and Mechanics of NASU, Slovyansk, Ukraine
es.afanasjeva@yandex.ru

By a Finsler manifold (Mn,Φ), n ≥ 2, we mean a smooth manifold of class C∞ with de�ned
Finsler structure Φ(x, ξ), where Φ(x, ξ) : TMn → R+ is a function satisfying the following
conditions: 1) Φ ∈ C∞(TMn \ {0}); 2) ∀ a > 0 Φ(x, aξ) = aΦ(x, ξ) hold and Φ(x, ξ) > 0

for ξ 6= 0; 3) the n × n Hessian matrix gij(x, ξ) = 1
2
∂2Φ2(x,ξ)
∂ξi∂ξj

is positive de�ned at every point
of TMn \ {0}, cf. [1]. By the geodesic distance dΦ(x, y) we mean the in�mum of lengths of
piecewise-smooth curves joining x and y in (Mn,Φ), n ≥ 2.

Later we consider the Finsler structure of a type Φ̃(x, ξ) = 1
2
(Φ(x, ξ) + Φ(x,−ξ)) thereby

obtaining a Finsler manifold (Mn, Φ̃) with symmetrized (reversible) function Φ̃. Clearly, if Φ̃ is
reversible, then the induced distance function dΦ̃ is reversible, i.e., dΦ̃(x, y) = dΦ̃(y, x), for all
pairs of points x, y ∈Mn (see [2]). It is also known that the reversible Finsler metric coincides
with the Riemannian one (see, e.g., [3]).

LetD andD′ be domains on the Finsler manifolds (Mn, Φ̃) and (Mn
∗ , Φ̃∗), n ≥ 2, respectively,

and let Q : Mn → (0,∞) be a measurable function. A homeomorphism f : D → D′ is ring
Q-homeomorphism at a point x0 ∈ D if

M (∆(f(C), f(C0);D′)) ≤
∫

A∩D

Q(x) · ηn
(
dΦ̃(x, x0)

)
dσΦ̃(x) (1)

holds for any geodesic ring A = A(x0, ε, ε0), 0 < ε < ε0 < ∞, any two continua (compact
connected sets) C ⊂ B(x0, ε)∩D and C0 ⊂ D \B(x0, ε0) and each Borel function η : (ε, ε0)→

[0,∞], such that
ε0∫
ε

η(r)dr ≥ 1.We say that f is a ring Q-homeomorphism in D, if (1) holds for

all points x0 ∈ D.
We say that the boundary of the domain D is weakly �at at a point x0 ∈ ∂D, if for any

number P > 0 and any neighborhood U of x0 there exists a neighborhood V ⊂ U, such that
M(∆(E,F ;D)) ≥ P for any continua E and F in D, intersecting ∂U and ∂V.

Theorem. Let D and D′ have weakly �at boundaries, D and D′ be compact. Suppose that
Q : Mn → (0, ∞) is a function of L1(D) satisfying∫

D(x0,ε,ε0)

Q(x)dσΦ̃(x)

dΦ̃(x, x0)n
= o

([
log

1

ε

]n)
(2)

at every point x0 ∈ ∂D, ε0 = ε(x0) < d(x0) = sup
x∈D

dΦ̃(x, x0). Then any ring Q-homeomorphism

f : D → D′ can be extended to a homeomorphism f : D → D′.
1. Dymchenko Yu.V. The relation between the capacity of a condenser and the module of a family of

separated surfaces in Finsler spaces, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI), Analiticheskaya Teoriya Chisel i Teoriya Funktsii. 28. � 2013. � 418, P 74�89 (in
Russian).

2. Cheng X., Shen Z. Finsler geometry. An approach via Randers spaces. � Heidelberg: Science
Press Beijing, Beijing; Springer, 2012.

3. Bao D., Chern S., Shen Z. An Introduction to Riemann-Finsler Geometry. Graduate Texts in
Mathematics, 200. � New York: Springer-Verlag, 2000.
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mixed modulus of continuity in the lebesgue spaces
with muckenhoupt weights

Ramazan Akgun
Balikesir University, Balikesir, Turkey

rakgun@balikesir.edu.tr

Main properties of the mixed modulus of continuity in the Lebesgue spaces with Muckenhoupt
weights are investigated. We use the mixed modulus of continuity to obtain Potapov type direct
and inverse estimates of angular trigonometric approximation of functions in these spaces. We
prove an equivalence between the mixed modulus of continuity and the K-functional.

1. Akgun R. Mixed modulus of continuity in Lebesgue spaces with Muckenhoupt weights and their
properties // Turk. J. Math. � 2016. � 40, No 6. � P. 1169�1192.

2. Akgun R. Sharp Jackson and converse theorems of trigonometric approximation in weighted
Lebesgue spaces // Proc. A. Razmadze Math. Inst. � 2010. � 152. � P. 1�18.

realization functional in lebesgue spaces with
muckenhoupt weights

Ramazan Akgun
Balikesir University, Balikesir, Turkey

rakgun@balikesir.edu.tr

A characterization is obtained for the modulus of smoothness in the Lebesgue spaces Lp,ω,
1 < p < ∞, with weights ω satisfying the Muckenhoupt's Ap condition. Also, a realization
result and the equivalence between the modulus of smoothness and the Peetre K-functional are
proved in this space for 1 < p <∞, and ω ∈ Ap.

1. Akgun R. Realization and characterization of modulus of smoothness in weighted Lebesgue
spaces // St. Petersburg Math. J. � 2015. � 26. � P. 741�756.

2. Akgun R. Sharp Jackson and converse theorems of trigonometric approximation in weighted
Lebesgue spaces // Proc. A. Razmadze Math. Inst. � 2010. � 152. � P. 1�18.
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Behavior of partial logarithmic derivatives and
distribution of zeros of entire functions

Andriy Bandura1 and Oleh Skaskiv2

1Ivano-Frankivs'k National Technical University of Oil and Gas, Ivano-Frankivs'k, Ukraine
2 Ivan Franko National University of Lviv, Lviv, Ukraine

1andriykopanytsia@gmail.com, 2olskask@gmail.com

Let us to denote ∆ as Laplace operator, ZF be a zero set of entire function F. We consider
∆ ln |F | as generalized function and denote

GR(F ) =
⋃

z0∈ZF

{
z ∈ Cn : |zj − z0

j | <
rj

lj(z0)
∀j ∈ {1, 2, . . . , n}

}
=
⋃

z0∈ZF

Dn

(
z0,

R

L(z0)

)
,

where lj : Cn → R+ is a continuous function. Other de�nitions and notations see in [1] and [2].
Theorem. Let L ∈ Qn. If an entire function F satis�es the following conditions

1) for every R > 0 there exists p1 = p1(R) > 0 such that for all z ∈ Cn \ GR(F ) and for
every j ∈ {1, . . . , n} ∣∣∣∣∂ lnF (z)

∂zj

∣∣∣∣ ≤ p1lj(z), (1)

where lnF (z) is the principal value of logarithm.

2) for every R > 0 and R′ ≥ 0 exists p2 = p2(R,R′) ≥ 1 that for all z0 ∈ Cn such that
T n(z0, R

L(z0)
) \ GR′(F ) =

⋃
iCi 6= ∅, where the sets Ci are connected disjoint sets, and

either a) max
i

min
z∈Ci
|F (z)| ≤ p2 min

i
min
z∈Ci
|F (z)|, or b) max

i
max
z∈Ci
|F (z)| ≤ p2 min

i
max
z∈Ci
|F (z)|,

or c) |F (z∗)| = maxi maxz∈Ci |F (z)|, |F (z∗∗)| = mini minz∈Ci |F (z)|, and z∗, z∗∗ belong to
the same set Ci0

3) for every R > 0 there exists n∗(R) > 0 such that for all z ∈ Cn∫
Dn(z0,R/L(z0))

∆ ln |F |dV2n ≤ n∗(R)

then F has bounded L-index in joint variables.
1. Bandura A. I., Bordulyak M.T., Skaskiv O.B. Su�cient conditions of boundedness of L-index

in joint variables // Mat. Stud. � 2016. � 45, No 1. � P. 12�26.
2. Bandura A., Skaskiv O. Entire functions of several variables of bounded index. � Lviv, Chyslo,

Publisher I. E. Chyzhykov, 2016. � 128 p.
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Faber bases and lebesgue constants for lagrange
interpolation
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LetM be an in�nite triangular matrix whose nodes are real numbers satisfying the condition

xk1,n 6= xk2,n for all distinct k1, k2 ∈ {1, ..., n} and every n ∈ N. Let X be an in�nite compact
subset of R. We shall write that M ⊆ X if M = {xk,n} and xk,n ∈ X for all n ∈ N and k ≤ n.

For f ∈ CX , M ⊆ X and n ∈ N, the Lagrange interpolating polynomial Ln(f,M, ·) is
presented as

Ln(f,M, ·) =
n+1∑
k=1

f(xk,n+1)lk,n+1(M, ·),

where lk0,n(M, x) :=
∏

1≤k≤n, k 6=k0

(x−xk,n)

(xk0,n
−xk,n)

are the fundamental polynomials

For given X, M ⊆ X, and n ∈ N, de�ne the Lebesgue constant Λn,X(M) as Λn,X(M) :=
sup{

∑n+1
k=1 |lk,n+1(M, x)| : x ∈ X}.

The mappings Ln,M : CX → CX with Ln,M(f) = Ln(f,M, ·) are bounded linear operators
having the norms ‖ Ln,M ‖= Λn,X(M).

Recall that a Faber basis in CX is a sequence p̃ = (pk)k∈N of real algebraic polynomials
satisfying the following conditions: for every f ∈ CX there is a unique sequence (ak)k∈N of real
numbers such that f =

∑∞
k=1 akpk; for every k ∈ N, degpk = k − 1.

Let p̃ = (pk)k∈N be a Faber basis in CX . For every f ∈ CX we shall denote by Sn,p̃(f) the
partial sum

∑n
k=1 akpk of the series

∑∞
k=1 akpk, i.e., Sn,p̃(f) =

∑n
k=1 akpk. If n ∈ N is given,

then the partial sum operator Sn,p̃ : CX → CX is a linear operator.
A Faber basis p̃ = (pk)k∈N is interpolating if there is a sequence (xk)k∈N of distinct points

of X such that the equality Sk,p̃(f)(xk) = f(xk) holds for all f ∈ CX and k ∈ N.
We study some conditions under which the operators Sn,p̃ and Ln,M are the same for every

n ∈ N.
Theorem 1. Let X be an in�nite compact subset of R and letM = {xk,n} be an interpolation

matrix with the nodes in X. The following conditions are equivalent.

(i) The space CX admits a Faber basis p̃ = (pk)k∈N such that the equality Sn,p̃ = Ln,M holds
for every n ∈ N.

(ii) The sequence (Λn,X(M))n∈N is bounded and there is a sequence (xk)k∈N of distinct points of
X such that for any n ≥ 2 the tuple (x1,n, ..., xn,n) is a permutation of the set {x1, ..., xn}.

Theorem 2. Let X be an in�nite compact subset of R and let p̃ = (pk)k∈N be a Faber basis
in CX . The following conditions are equivalent.

(i) There exists an interpolation matrix M ⊆ X such that equality Sn,p̃ = Ln,M holds for
every n ∈ N.

(ii) The basis p̃ is interpolating.

1. V. Bilet, O. Dovgoshey, and J. Prestin. Boundedness of Lebesgue constants and interpolating
Faber bases, accepted to Naukovi Visti NTUU KPI, 2017, 17 p.
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Approximation of Bergman kernels by
rational function with fixed poles

Stanislav Chaichenko
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Let a := {ak}∞k=0 be a sequence of points in the unit circle D := {z ∈ C : |z| < 1} of the
complex plane C, among of one can be points of �nite and in�nite multiplicity. The Takenaka-
Malmquist system of functions, generated by the sequence a, is called the system ϕ := {ϕk}∞k=0

of the function ϕk of the form [1]:

ϕ0(z) :=

√
1− |a0|2

1− a0z
, ϕk(z) :=

√
1− |ak|2

1− akz

k−1∏
j=0

−|aj|
aj

z − aj
1− ajz

, k = 1, 2, . . . , (1)

where for aj = 0, we put |aj|/aj := −1.
The functions of the form (see., for example, [2, p. 6])

Kα(z;w) =
1

(1− zw)2+α
, α = 0, 1, . . . , z, w ∈ D,

play an essential role in the theory of Bergman spaces. That functions are called the (weighted)
Bergman kernels of D.

For a given n (1 ≤ n <∞), by R(n) we denote the set of rational functions of the form

Rn(x) = c0 +
n∑

m=1

cmϕm−1(x), cm ∈ C.

Theorem. On the set of functions R(n) the minimum of the functional

µα(Rn) :=

∫
T

∣∣∣Kα(x;w)− Rn(x)

(1− xw)

∣∣∣2dσ(x)

is realized on the function

rα,n(x;w) = (1− xw)Sn+1(Kα)(x;w) ∈ R(n),

where Sn+1(Kα)(x;w) is partial Fourier sum of the order n+1 of function Kα(x;w) with respect
to thesystem (1), an = an−1 = . . . = an−α ≡ w ∈ D, and wherein the following equality is true:

inf
Rn∈R(n)

µα(Rn) = µα(rα,n) =
|wBn−α(w)|2α+2

(1− |w|2)2α+3
.

1. Walsh J.L. Interpolation and Approximation by Rational Functions in the Complex Domain. �
New York: American Mathematical Society Colloquium Publications, 1965. � 20. � 405 p.

2. Hedenmalm H., Korenblum B., Zhu K. Theory of Bergman Spaces. � New York-Berlin�Heidelberg:
Springer-Verlag, 2000. � 286 p.
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Pfluger-type theorem for functions of refined
regular growth
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Levin-P�uger theory describes zero distribution for entire functions of completely regular
growth ([1]), i.e. f such that

ln |f(reiθ)| = h(θ)rρ(r) + o
(
rρ(r)

)
, r →∞,

outside an exceptional set, where ρ(r) is a proximate order, and the indicator h is a ρ-
trigonometrically convex function.

We consider the subclass of functions of completely regular growth satisfying the equality

log |f(reiθ)| = h(θ)rρ(r) +O
(rρ(r)

δ(r)

)
for reiθ /∈ E ⊂

⋃
k

D(ak, sk),
∑
|ak|≤r

sk = O
( r

δ(r)

)
,

where D(ak, sk) = {z : |z − ak| < sk}, δ(r) is an unbounded regulary growing functions.
For this class we obtain asymptotics for counting functions of zeros. Despite [2] and [3], we

relax the assumption that the zeros are located on a �nite system of rays emanating the origin.

1. Ëåâèí Á.ß. Ðàñïðåäåëåíèå êîðíåé öåëûõ ôóíêöèé. � Ì.: ÃÈÒÒË, 1956. � 632 ñ.
2. Âèííèöüêèé Á.Â., Õàöü Ð.Â. Ïðî àñèìïòîòè÷íó ïîâåäiíêó öiëèõ ôóíêöié íåöiëîãî ïîðÿäêó

// Ìàò. Ñòóäi¨. � 2004. � 21, � 2. -� Ñ. 140�150.
3. Âèííèöüêèé Á.Â., Õàöü Ð.Â. Ïðî ðåãóëÿðíiñòü çðîñòàííÿ öiëî¨ ôóíêöi¨ íåöiëîãî ïîðÿäêó ç

íóëÿìè íà ñêií÷åííi ñèñòåìi ïðîìåíiâ Ìàò. Ñòóäi¨. � 2005. � 24, � 1. -� Ñ. 31�38.

A brief survey of polynomial approximation on the
unit sphere

Feng Dai, Kunyang Wang
University of Alberta, Edmonton, Alberta, Canada

School of Mathematical Sciences, Beijing Normal University, Beijing, China
wangky@ bnu.edu.cn

The talk concerns the following topics:
(1) The equiconvergent operators of Ces�aro means, and their interesting applications.
(2) Moduli of smoothness for functions on the unit sphere and the Jackson inequality.
(3) The equivalence between moduli of smoothness and K-functionals.
(4) Several weighted polynomial inequalities on the sphere including Marcinkiewicz-Zygmund

inequality and the inequalities of Remez-type, Nikol'skii-type, Bernstein-type and Schur-type.
(5) Positive cubature formulas on the sphere, and their relation to the Marcinkiewicz-

Zygmund inequality.
(6) Asymptotic orders of the n-widths of Sobolev's classes on the unit sphere.
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Extremal decomposition problems
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The report is devoted to investigation of the problems of geometric function theory of a
complex variable, one of which was formulated in [1] in the list of unsolved problems. Let N, R
be the sets of natural and real numbers, respectively, C be the complex plane, C = C

⋃
{∞}

be its one point compacti�cation. Let r(B, a) be the inner radius of the domain B ⊂ C with
respect to the point a ∈ B [1,2]. Denote αk := 1

π
arg ak+1

ak
, k = 1, n, αn+1 := α1.

Problem. Consider the product

rγ (B0, 0)
n∏
k=1

r (Bk, ak) ,

where B0, B1,..., Bn (n ≥ 2) are pairwise disjoint domains in C, a0 = 0, |ak| = 1, k = 1, n and
0 < γ ≤ n. Show that it attains its maximum at a con�guration of domains Bk and points ak
possessing rotational n-symmetry. The following statements hold

Theorem 1. [3] Let n ∈ N, n ≥ 12, γ ∈ (0, γn], γn = n0,45. Then for any di�erent
points ak of the unit circle |w| = 1 and any collection of mutually non-overlapping domains Bk,
ak ∈ Bk ⊂ C, k = 1, n, a0 = 0 ∈ B0 ⊂ C, we have the inequality

rγ (B0, 0)
n∏
k=1

r (Bk, ak) ≤
(

4

n

)n (
4γ
n2

) γ
n(

1− γ
n2

)n+ γ
n

(
1−

√
γ

n

1 +
√
γ

n

)2
√
γ

, (1)

where the equality is attained if ak and Bk, k = 0, n, are, respectively, poles and circular domains
of the quadratic di�erential

Q(w)dw2 = −(n2 − γ)wn + γ

w2(wn − 1)2
dw2.

Theorem 2. [4] Let n ∈ N, n ≥ 4, γ ∈ (0, γn], γ4 = 4, 17, γ5 = 5, 71, γ6 = 7, 5, γ7 = 9, 53,
γ8 = 11, 81, and γn = 0, 12n2 for n ≥ 9. Then for any di�erent points ak of the unit circle
|w| = 1 such that 0 < αk ≤ 2/

√
γ, k = 1, n, and any collection of mutually non-overlapping

domains Bk, ak ∈ Bk ⊂ C, k = 1, n, a0 = 0 ∈ B0 ⊂ C, the inequality (1) holds. Equality is
attained in the same case as in Theorem 1.

1. Dubinin V. Condenser capacities and symmetrization in geometric function theory. � Birkh�auser/
Springer, Basel, 2014, 344 P.

2. Bakhtin A., Bakhtina G., Zelinskii Yu.. Topological-algebraic structures and geometric methods
in complex analysis. � Proceedings of the Institute of Mathematics of NAS of Ukraine, 2008. �
308 p. (in Russian).

3. Bakhtin A., Dvorak I., Denega I. A separating transformation in the problems of extremal
decomposition of the complex plane // Dopov. Nac. akad. nauk Ukr. � 2015. � No 12. � P. 7�12
(in Russian).

4. Bakhtin A.K., Vygivska L.V., Denega I. V. Inequalities for the internal radii of non-overlapping
domains // Journal of Mathematical Sciences. � 2017. � 220, No 5. � P. 584�590.
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Approximation of functions in weighted Lipschitz
class by the product means

U�gur De�ger
Mersin University, Mersin, Turkey

udeger@mersin.edu.tr

In the spaces such as the continuous functions or measurable functions, the determination
of the degree of approximation by the various methods of their Fourier series of functions
belonging to Lipschitz class is one of the important problems in the approximation theory. Aim
of this study is to give the degree of approximation of the functions into this class by the matrix
product means of their Fourier series in the weighted Lipchitz class.

On Fourier quasicrystals
S. Favorov

Karazin's Kharkiv National University, Kharkiv, Ukraine
sfavorov@gmail.com

Let a measure µ =
∑

λ∈Λ aλδλ be a tempered distribution on Rd and their Fourier transform
µ̂ =

∑
γ∈Γ bγδγ be slowly increasing measure on Rd with countable Λ, Γ such that infλ∈Λ |aλ|>0.

We prove that the discreteness of the set of di�erences Λ−Λ implies that the Λ is a �nite union
of translates of a single full-rank lattice L. Note that here we need not the discreteness of
spectra Γ of the measure.

Also, we get a corresponding result for pair of measures µ1, µ2 and the di�erence Λ1 − Λ2

of their supports.
Next, let µ =

∑
λ∈Λ aλδλ be a measure with uniformly discrete support Λ such that

infλ∈Λ |aλ| > 0, and its the Fourier transform µ̂ be a measure with countable support and
variation |µ̂|(B(0, r) = O(rd) as r → ∞. Then Λ is a �nite union of translates of several
disjoint full-rank lattices (maybe noncommensurable).

The arguments are based on a local analog of Wiener's Theorem on absolutely convergent
trigonometric series and theory of almost periodic functions.
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Some probles in the theory of PT -symmetric
operators
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The development of PT -symmetric quantum mechanics (PTQM) attracts a lot of interests

during the past decade. The PTQM is based on the idea that the Hermiticity condition, which
is stated as an axiom of quantum mechanics, may be replaced by a certain less mathematical
but more physical condition of symmetry without losing any of the essential physical features
of quantum mechanics. One of typical examples of Hamiltonians of PTQM are non-selfadjoint
di�erential operators H = − d2

dx2 + V (x) in L2(R) which possess the property of PT -symmetry:
HPT = PT H, where the space re�ection operator P and the complex conjugation operator T
are de�ned as (Pf)(x) = f(−x) and (T f)(x) = f(x) in L2(R).

The concept of PT -symmetry can be easily generalized to the case of an arbitrary Hilbert
space H by interpreting P as a unitary involution in H and considering T as a conjugation
operator.

The aim of the report is the description of general properties of PT -symmetric operators
acting in H (spectral properties, possibility of interpretation by self-adjoint operators in Krein
spaces, etc). As an example, we consider in detail an important model case where PT -symmetric
operators are presented by matrices of the second order. In that case, the complete description
of C symmetries for PT -symmetric operators is obtained (the concept of C symmetry is a key
notion of PTQM).

De�nition. H is called the PT -symmetric if there are exist such operators P and T that

HPT f = PT Hf, ∀f ∈ H.
Statement. The operator C (C 6= I) in C2 satis�es properties C2 = I and CPT = PT C if

and only if there exist such numbers χ ∈ R i ξ ∈ [0, 2π), that

C = eχiσ1σ3ξσ3ξ.

where operators σ1, σ2 and σ3 are Pauli matrices and the operator σ3ξ is unitary involution:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

σ3ξ =

[
∞∑
n=0

in

n!
ξnσn1

]
σ3 = eiξσ1σ3.

Theorem. The PT -symmetric operator H in C2 has a property of the C-symmetry if and
only if it can be represented in form

H = γ1σ0 + γ2e
χiσ1σ3ξσ3ξ,

where γ1, γ2, χ are arbitrary real numbers, and ξ is arbitrary real number from [0, 2π). In this
case the corresponding operator C will have a form C = eχiσ1σ3ξσ3ξ.

1. G�unther U., Kuzhel S., PT -symmetry, Cartan decompositions, Lie triple systems and Krein
space related Cli�ord algebras // Journal of Physics A: Mathematical and Theoretical. � 2010.
� 43, No 39. � P. 392002�392011.

2. Grod A., Kuzhel S., Sudilovskaya , On operators of transition in Krein spaces // Opuscula
Mathematica. � 2011. � 31, No 1. � P. 49�59.

24



A lower bound for areas of images of discs
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Let Γ be a family of curves γ in thee complex plane C. The Borel function % : C → [0,∞]
is called admissible for Γ, abbr. % ∈ adm Γ, if∫

γ

%(z) |dz| > 1

for all γ ∈ Γ.
Let p ∈ (1,∞). The p�modulus of Γ is the quantity

Mp(Γ) = inf
%∈adm Γ

∫
C

%p(z) dx dy .

Let D be a domain in the complex plane C and Q : D → [0,∞] be a measurable function.
A homeomorphism f : D → C is called a Q-homeomorphism with respect to p-modulus if

Mp(fΓ) 6
∫
D

Q(z) %p(z) dx dy

for every family Γ of curves in D and every admissible function % ∈ adm Γ.
Theorem. Let D and D′ be bounded domains in C and f : D → D′ be a Q-homeomorphism

with respect to p-modulus, p > 2, Q ∈ L1
loc(D\{z0}). Then for all r ∈ (0, d0), d0 = dist(z0, ∂D),

|fB(z0, r)| > π

(
p− 2

p− 1

) 2(p−1)
p−2

 r∫
0

dt

t
1
p−1 q

1
p−1
z0 (t)


2(p−1)
p−2

,

where B(z0, r) = {z ∈ C : |z − z0| 6 r} and qz0(r) = 1
2π r

∫
S(z0,r)

Q(z) |dz| is the mean integral

value of the function Q over the circle S(z0, r) = {z ∈ C : |z − z0| = r}.
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The Bojanov-Naidenov problem for the functions
with non-symmetric restrictions on the oldest

derivative
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For given r ∈ N, p, α, β, µ± > 0, we solve the extremal problem∫ b

a

xq±(t)dt→ sup, q ≥ p,

on the set of all functions x ∈ Lr∞(R) and intervals [a, b] ⊂ R satisfying the inequalities

−β ≤ x(r)(t) ≤ α

for almost everywhere t ∈ R and both of conditions

L(x±)p ≤ L(ϕα,βλ,r )±)p,

and such that
µ
(
supp[a,b]x+

)
≤ µ+ or µ

(
supp[a,b]x−

)
≤ µ−,

where
L(x)p := sup

{
‖x‖Lp[a,b] : a, b ∈ R, |x(t)| > 0, t ∈ (a, b)

}
,

supp[a,b]x± := {t ∈ [a, b] : x±(t) > 0} and ϕα,βλ,r is nonsymmetric (2π/λ)-periodic spline of Euler
of order r.

In particular, we solve the same problem for intermediate derivatives x(k)
± , k = 1, ..., r − 1,

with q ≥ 1.
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Approximation of analytic functions by
many-dimensional continued fractions
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A large number of analytic functions are known to have continued fraction representations.
Frequently a given function can be represented by several di�erent continued fractions, each
with its own convergence behavior [1].

Expansions of analytic functions of many variables into many-dimensional continued fracti-
ons are based on correspondence of the sequences of the fraction approximants to formal multi-
ple power series. In this connection we use the Viscovato�-like methods to get some types
of corresponding continued fractions, such as the many-dimensional C-continued fraction or
the many-dimensional associated one [2]. We investigate the behavior of the two-dimensional
regular C-continued fraction

Φ0(z1, z2) +
∞
D
i=1

ai,iz1z2

Φi(z1, z2)
, Φi(z1, z2) = 1 +

∞
D
j=1

ai+j,iz1

1
+
∞
D
j=1

ai,i+jz2

1
,

Φ0(z1, z2) = a0,0 +
∞
D
i=1

ai,0z1

1
+
∞
D
i=1

a0,iz1

1

with approximants

fn =
Pn
Qn

= Φ
(n)
0 (z1, z2) +

n

D
i=1

ai,iz1z2

Φ
(n−i)
i (z1, z2)

, n = 1, 2, . . . ,

Φ
(m)
i (z1, z2) = 1 +

m−i
D
k=1

ai+k,iz1

1
+

m−i
D
k=1

ai,i+kz2

1
,Φ

(n)
0 (z1, z2) = a0,0 +

n

D
k=1

ak,0z1

1
+

n

D
k=1

a0,kz2

1
.

Theorem. Let f(z1, z2) be an analytic function at the origin. If fn is the nth approximant of

the two-dimensional regular C-fraction approximated the function f(z1, z2), then: (i)
Pn(z1, 0)

Qn(z1, 0)

is the ([n/2] , [n/2] Pad�e approximant for the function g(z1) = f(z1, 0); (ii)
Pn(0, z2)

Qn(0, z2)
is the

([n/2] , [n/2] Pad�e approximant for the function h(z2) = f(0, z2); (iii) if the two-dimensional
regular C-fraction is uniformly convergent in the neighborhood of the origin, then its values
converge to values of the function f(z1, z2).

1. Jones W.B., Thron W. J.. Continued Fractions. Analytic Theory and Applications. � London:
Addison�Wesley Publishing Company, 1980. � 428 p.

2. Kh. Yo. Kuchminska. Two-Dimensional continued fractions. � Lviv: Inst. Appl. Problem in Mech.
Math. NAS of Ukraine, 2010. � 218 p. (in Ukrainian).
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Nonlocal problem with integral condition for
nonhomogeneous equation of second order

Grzegorz Kuduk
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Graduate of University of Rzeszow, Rzeszow, Poland
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Let H(R+ × R) be a class of entirie function, KL,M be a class of quasipolynomials in the

form f(t, x) =
n∑
i=1

m∑
j=1

Qij(t, x)eαix+βjt, where Qij(t, x) are given polynomials, L ⊆ C, M ⊆ C

αi ∈ L, αk 6= αl, for k 6= l, βj ∈M , βk 6= βl, for k 6= l.
In the strip Ω = {(t, x) ∈ R2 : t ∈ (0, T ), x ∈ R} we consider the problem[

∂

∂t
− a

(
∂

∂x

)]2

U(t, x) = f(t, x), (1)

∫ T

0

U(t, x)dt = 0, (2)

R

(
∂

∂x

)
∂

∂t
U(t, x)


t=0

+Q

(
∂

∂x

)
∂

∂t
U(t, x)


t=T

= 0, (3)

where T > 0, (0, T ) ⊂ R, U(t, x) : Ω → KC,M , R
(
∂
∂x

)
, Q
(
∂
∂x

)
are di�erential polynomials,

a( ∂
∂x

) is the di�erential expression with entire symbol a(λ) 6= 0.
Solution of the problem (1), (2), (3) according to the di�erential-symbol method [1, 2] is

represented in the form

U(t, x) = f

(
∂

∂ν
,
∂

∂λ

){
G(t, ν, λ)eλx

}
λ=ν=0

,

where G(t, ν, λ) is a solution of the equation[
d

dt
− a(λ)

]2

G(t, ν, λ) = eνt,

satis�es conditions∫ T

0

G(t, ν, λ) = 0, R(λ)
d

dt
G(t, ν, λ)


t=0

+Q(λ)
d

dt
G(t, ν, λ)


t=T

= 0.

where Q(λ), R(λ) are certain functions.

1. Kalenyuk P. I., Nytrebych Z.M., Generalized Scheme of Separation of Variables. Di�erential-
Symbol Method. Publishing House of Lviv Polytechnic Natyonaly University, 2002. � 292 p. (in
Ukrainian).

2. Kalenyuk P. I., Nytrebych Z.M., Kohut I. V., Kuduk G., Problem for nonhomogeneous second
order evolution equation with homogeneous integral conditions // Math. Methods and Phys. �
Mech. Polia. � 2015. � 58, No 1. � P. 7�19.
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Homogenization of hydrodynamics problems with applications to turbulent regimes of �ows
in �uids will be discussed. The regimes are arisen usually under a small viscosity (or equivalently
under a high Reynolds number) and are associated with rapidly oscillating �uid dynami-
cs. Moreover, in numerical modelling it is known that rapidly oscillation e�ects arise under
computer simulations of solutions of Navier�Stokes equations with a vanishing viscosity. But
reasons of the e�ects are not clear, since the e�ects may be turbulent regimes or the numerical
simulations may be incorrect. Some theoretical results in the direction are presented here. The
results are based on homogenization theory and are full for nonstationary linearized equations
of hydrodynamics with periodic rapidly oscillating data and a vanishing viscosity. Some of the
results hold for Navier�Stokes and Stokes equations.

Thus, initial boundary value problems for nonstationary linearized equations of hydrodyna-
mics and Navier�Stokes equations with the vanishing viscosity and periodic data rapidly osci-
llating with respect to the spatial variables, when the oscillations are zero in mean, will be consi-
dered. The problems are stated in bounded domains that are three-dimensional, for example.
The period of data oscillations is speci�ed by a positive small parameter ε and a viscosity
coe�cient ν in equations of the problems can be also considered as a positive parameter. We
present estimates of solutions of the problems, which are dependent on relations of certain
powers of the parameters ε and ν. In general case, the presented estimates for velocity �-
elds are actual whenever the viscosity coe�cient ν is not too small in comparison with ε2.
If the condition is ful�lled, then the relevant solutions are small asymptotically in an energy
norm and it characterizes a "smoothing" property for these solutions. In the case, when the
viscosity coe�cient has order ε2, the suitable estimates are derived under assumption that a
nonlinearity in equations of the problems is "small" su�ciently. If the condition is ful�lled,
then an asymptotics for velocity �elds can contain rapidly oscillating terms.

Thus, homogenized (limit) equations whose solutions determine approximations (leading
terms of the asymptotics) of the solutions of the equations under consideration and estimate
the accuracy of the approximations will be obtained. These approximations and estimates shed
light on the following interesting property of the solutions of the equations. When the viscosity is
not too small, the approximations contain no rapidly oscillating terms, and the equations under
consideration asymptotically smooth the rapid oscillations of the data; thus, the equations are
asymptotically parabolic. If the viscosity is very small, the approximations can contain rapidly
oscillating terms with zero means, and the equations are asymptotically hyperbolic.

The homogenization of some cases of nonstationary linearized equations of hydrodynamics
and Navier�Stokes equations with periodic rapidly oscillating "forces" were considered in [1],[2].
In particular, the results are applicable to some Kolmogorov �ows.

1. Sandrakov G. V. The in�uence of viscosity on oscillations in some linearized problems of hydrodynami-
cs // Izvestiya: Math. � 2007. � 71, No 1. � P. 97�148.

2. Sandrakov G. V. On some properties of solutions of Navier-Stokes equations with oscillating
data // J. Math. Sciences. � 2007 V. 143. P. 3377�3385.
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Developing e�ective methods of generation of terahertz radiation is one of the most pressing

problems of applied physics [1]. The idea proposed by M.Dyakonov and M.Shur [2] is to use an instabi-
lity of plasma waves propagating in the two-dimensional channel of a ballistic �eld e�ect transistor
(FET). This instability is the result of the ampli�cation of plasma waves due to re�ections from the
channel boundaries. However, the physical picture of the instability remains unclear. The goal of our
work is to shed some light on the nature of this instability.

As shown in Ref. [2], the motion of a two-dimensional electron gas in the channel of a ballistic
FET can be described by the equation of motion and the continuity equation (taking into account that
n = CU/e, where C is the gate insulator capacitance per unit area):

∂υ

∂t
+ υ

∂υ

∂x
= − e

m

∂U

∂x
,

∂U

∂t
+
∂(Uυ)

∂x
= 0. (1)

Here υ(x, t) is the electron �ow velocity, U = Ugc(x, t)−Ut, Ugc is the gate-to-channel voltage, Ut is
the threshold voltage. Note that the channel length is much smaller than the mean free path of electrons
due to their scattering on phonons and on crystal defects (but much longer than the mean free path
due to electron-electron collisions). But electron-electron collisions move only to the electrons velocities
exchange and doesn't perturb the motion of the beam itself. This allows us to write the equation of
motion in the same form as used for electron beams in vacuum. As a result, we can study the waves
in the channel of a ballistic FET as an analogue of the space charge waves (SChW).

The electron velocity and voltage can be presented as a sum of a large constant part and a small
space- and time-varying part: υ = υ0 + υ̃, U = U0 + Ũ , where υ̃ � υ0, Ũ � U0. With this assumption,
we can linearize equations (1) leading to the following wave equation:

(υ0
∂

∂x
+
∂

∂t
)2υ̃ = s2∂

2υ̃

∂x2
, (2)

where s =
√
eU0/m is a constant that has the dimension of velocity. Substituting a solution in the

form υ̃ = υmexp(iϕ), ϕ = ωt− kx to (2) gives the dispersion law of SChW in the form:

k =
ω

υ0 ± s
, (3)

Obviously, the upper sign corresponds to the fast SChW and the lower sign - to the slow SChW. The
parameter s can be interpreted as the wave velocity in the beam frame of reference.

Figure 1 presents the dispersion curves for SChW in the channel of a ballistic FET for υ0 < s (a)
and υ0 > s (b). Apparently this dispersion relation di�ers from usual SChW in the electron stream
[3]. Now, the phase and group velocities of SChW coincide and di�er from the velocity of electron
stream υ0. For υ0 < s these velocities have opposite directions. The instantaneous energy density of
the electron �ow with the excited SChW can be presented in the form:

W (x, t) =
1

2
n(x, t)mυ2(x, t) =

mC

2e
U(x, t)υ2(x, t) (4)

The instantaneous values of the velocity and voltage are υ̃ = υm cosϕ and Ũ = Um cosϕ , respectively
(according to the method of complex amplitudes, the real part of the respective values is taken).
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a b

Ðèñ. 1: Dispersion characteristics of space charge waves in the channel: a - υ0 < s, b - υ0 > s

Substituting these values into Eq. (4) and averaging over the time, one can obtain an expression for
∆W - energy density for the fast and slow SChW in the form

∆W1,2 =
m2Cs

4e2
(s± 2υ0)υ2

m1,2
(5)

Thus, for the fast SChW ∆W1 > 0 , while for the slow SChW ∆W2 < 0 for υ0 > s/2 . It means that
this wave has negative energy.

Now, for the better description of behavior of SChW in the channel of a ballistic FET, let us
consider the SChW propagation taking into account the electron scattering on phonons and on crystal
defects. In the right part of the equation (1) we add the term −υ̃ν, ν where is the number of collisions
per second, and υ̃ is the small space- and time-varying part of electron velocity.

After linearization of equations (1) and substituting solution in the form of harmonic wave to (1),
we can obtain the revised dispersion law of SChW:

k1,2 = k′1,2 + ik′′1,2 = (2ω − iν)/2(υ0 ∓ s), (6)

Note that the upper sign corresponds to the slow SChW and the lower sign - to the fast SChW.
Substituting expression (6) to a possible solution (f(x, t) = exp(iωt − ikx)) of equations (1), we

can see that the fast SChW will be subside by the law exp(−k′′x). And the slow SChW will be grow by
the law exp(k′′x) along the direction of x, when υ0 < s and υg > 0 or along the propagation direction
of υg, when υ0 > s and υg < 0. In these both cases we have instability for slow SChW.

So, propagation of the slow SChW in the channel of a ballistic FET can explain the mechanism of
Dyakonov-Shur instability.

1. Siaber S., Anisimov I., Sydoruk O. Ampli�cation of terahertz plasmons by transverse dc current
// Presented at IET Colloquium on Millimetre-wave and Terahertz Engineering & Technology
2016, London, March 2016.

2. Dyakonov M., Shur M. Shallow water analogy for a ballistic �eld e�ect transistor: new mechanism
of plasma wave generation by dc current // Phys. Rev. Lett. � 1993. � 71, No 15. � P. 2465�2468.

3. Anisimov I.O., Kotlyarov I. Y., Levitsky S.M., Îpanasenko Î.V., Palets D.B., Romanyuk L. I.
Study of the plasma barrier transillumination for electromagnetic waves using electron beams.
2. Evolution of the space charge waves in a barrier. // Ukr. Phys. Journ. � 1996. � 41, No 3. �
P. 164�170 (in Ukrainian).
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Best Approximation of the Cauchy�Szeg�o Kernel in
the Mean on the Unit Circle
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Let a := {ak}∞k=0 be a sequence of points in the unit disk D := {z ∈ C : |z| < 1} among
which there may be points of �nite or ever in�nite multiplicity. A system ϕ := {ϕj}∞j=0 of
functions ϕj of the form

ϕ0(t) =

√
1− |a0|2
1− a0t

, ϕj(t) =

√
1− |aj|2
1− ajt

Bj(t), j = 1, 2, . . . ,

where

Bj(t) :=

j−1∏
k=0

−|ak|
ak
· t− ak

1− tak
,
|ak|
ak

= −1 for ak = 0,

is called a Takenaka�Malmquist system.
By TM we denote the set of all Takeneka�Malmquist systems.
It is known that for arbitrary ϕ ∈ TM and n ∈ N,

1

1− zt
−

n−1∑
j=0

ϕj(z)ϕj(t) =
Bn(z)Bn(t)

1− zt
, (z, t) ∈ D2 \ T2, (1)

where T := {t ∈ C : |t| = 1}.
It follows from (1) that

min
λj,n(z)

∫
T

∣∣∣∣∣ 1

1− zt
−

n−1∑
j=0

λj,n(z)ϕj(t)

∣∣∣∣∣
2

dσ(t) =

=

∫
T

∣∣∣∣∣ 1

1− zt
−

n−1∑
j=0

ϕj(z)ϕj(t)

∣∣∣∣∣
2

dσ(t) =
|Bn(z)|2

1− |z|2
, z ∈ D,

where σ is the normalized Lebesgue measure on the circle T.
We compute the values

En

(
1

1− z·
;ϕ

)
:= min

λj,n(z)

∫
T

∣∣∣∣∣ 1

1− zt
−

n−1∑
j=0

λj,n(z)ϕj(t)

∣∣∣∣∣ dσ(t), (2)

which is called the best approximations in the mean on the unit circle T for the Cauchy�Szeg�o
kernel 1/(1− zt) by quasipolynomials with respect to the Takenaka�Malmquist system ϕ.

Theorem. Let ϕ ∈ TM and let z ∈ D. Then, for every n ∈ N,

En

(
1

1− z·
;ϕ

)
= |Bn(z)| 1− |z|2

1− |zBn(z)|2

∫
T

∣∣∣1− zBn(z)tBn(t)
∣∣∣

|1− zt|2
dσ(t).

The minimum in (2) is attained for the coe�cients

λ∗j,n(z) =
ϕj(z)

1− |zBn(z)|2

(
1− z1− ajz

z − aj

∣∣∣∣Bn(z)

Bj(z)

∣∣∣∣2
)
, j = 0, 1, . . . , n− 1.
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Let B1 be the class of functions f holomorphic in the unit disk D := {z ∈ C : |z| < 1} such

that supz∈D |f ′(z)| ≤ 1, f̂j := f (j)(0)/(j!) and let

rn(f)(z) :=
∞∑
j=n

f̂jz
j, σn(f)(z) := f(z)− 1

n

n−1∑
j=0

rj+1(f)(z), n ∈ N,

be the n-th remainder of Taylor series and Fejer means of f respectively.
It follows from results of E. Landau (1913), H. Bohr (1917), G.N. Watson (1930), S.B.

Stechkin (1953), L. Brutman (1982) and V.V. Savchuk (2011) that for any functions f ∈ B1,

|rn(f)(z)| ≤ lnn

πn
+

2.0663

n
and lim sup

n→∞
n|f(z)− σn(f)(z)| ≤ 1 ∀ z ∈ D, n ∈ N,

and there exist functions f1, f2 ∈ B1 such that

lim sup
n→∞

n|rn(f1)(1)|
lnn

=
1

π
and lim sup

n→∞
n|f2(z)− σn(f2)(z)| = |z| ∀ z ∈ D.

On the other hand, it is not di�cult to show that for arbitrary function f ∈ B1,

lim inf
n→∞

n|rn(f)(z)|
lnn

= 0 < lim inf
n→∞

n|f(z)− σn(f)(z)| ∀ z ∈ D.

More precisely we have
Theorem. For arbitrary function f ∈ B1, one has

1

n

n∑
j=1

j2|rj+1(f)(z)|2 ≤ 4|z|2 ∀ z ∈ D, n ∈ N,

and
1

n

n∑
j=1

j2 |f(z)− σj(f)(z)|2 ≤ |z|2 ∀ z ∈ D, n ∈ N. (1)

The inequality (1) is best possible and is attained when f(z) = eiθz, θ ∈ R.
It follows from Theorem that for arbitrary f ∈ B1,

lim inf
n→∞

n|rn(f)(z)| ≤ 2 ∀ z ∈ D.

On the other hand, Temlyakov showed (1979) that

sup
{

lim inf
n→∞

nEn(f) : f ∈ B1
}

= 1,

where En(f) is the best approximation of f by algebraic polynomials of degree ≤ n in the norm
‖ · ‖ = maxz∈D | · (z)|.

So, we have

1 = sup
{

lim
n→∞

n‖f − σn(f)‖ : f ∈ B1
}
≤ sup

{
lim inf
n→∞

n‖rn(f)‖ : f ∈ B1
}
≤ 2.
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Denote by Cα,r
β,p , α > 0, r > 0, β ∈ R, 1 ≤ p ≤ ∞, the set of all 2π�periodic functions,

representable for all x ∈ R as convolutions of the form (see, e.g., [1])

f(x) =
a0

2
+

1

π

π∫
−π

Pα,r,β(x− t)ϕ(t)dt, a0 ∈ R, ||ϕ||p ≤ 1 ϕ ⊥ 1,

with generalized Poisson kernels of the form

Pα,r,β(t) =
∞∑
k=1

e−αk
r

cos
(
kt− βπ

2

)
, α > 0, r > 0, β ∈ R.

Functions f of such form are called generalized Poisson integrals of the functions ϕ.
We consider the approximative characteristics of the form

En(Cα,r
β,p )s = sup

f∈Cα,rβ,p

‖f(·)− Sn−1(f ; ·)‖s, r > 0, α > 0, β ∈ R, 1 ≤ p, s ≤ ∞,

where Sn−1(f ; ·) are the partial Fourier sums of order n− 1 for a function f .
We solve the problem about �nding asymptotically unimprovable estimates of quantities

En(Cα,r
β,p )∞, 1 < p <∞, and En(Cα,r

β,1 )s, 1 < s <∞, for r ∈ (0, 1).
For arbitrary �xed α > 0, r ∈ (0, 1) and 1 ≤ p ≤ ∞ we denote by n0 = n0(α, r, p) the

smallest integer n such that

1

αr

1

nr
+
αrχ(p)

n1−r ≤


1
14
, p = 1,

1
(3π)3 · p−1

p
, 1 < p <∞,

1
(3π)3 , p =∞,

where χ(p) = p for 1 ≤ p <∞ and χ(p) = 1 for p =∞.
With the notations introduced above, the following statements take place.
Theorem 1. Let 0 < r < 1, 1 < p < ∞, α > 0 and β ∈ R. Then for n ≥ n0(α, r, p),

1
p

+ 1
p′

= 1, the following estimate is true

En(Cα,r
β,p )∞= e−αn

r

n
1−r
p

(
‖ cos t‖p′
π

1+ 1
p′ (αr)

1
p

F
1
p′
(1

2
,
3− p′

2
;
3

2
; 1
)

+γ(1)
n,p

((
1+

(αr)
p′−1
p

p′ − 1

) 1

n
1−r
p

+
(p)

1
p′

(αr)1+ 1
p

1

nr

))
,

where F (a, b; c; z) is the Gaussian hypergeometric function and the quantity γ(1)
n,p = γ

(1)
n,p(α, r, β)

is such that |γ(1)
n,p| ≤ (14π)2.

Theorem 2. Let 0 < r < 1, 1 < s < ∞, α > 0 and β ∈ R. Then for n ≥ n0(α, r, s′),
1
s

+ 1
s′

= 1, the following estimate is true

En(Cα,r
β,1 )s = e−αn

r

n
1−r
s′

(
‖ cos t‖s

π1+ 1
s (αr)

1
s′
F

1
s

(1

2
,
3− s

2
;
3

2
; 1
)

+γ(2)
n,s

((
1+

(αr)
s−1
s′

s− 1

) 1

n
1−r
s′

+
(s′)

1
s

(αr)1+ 1
s′

1

nr

))
,

where the quantity γ(2)
n,s = γ

(2)
n,s(α, r, β) is such that |γ(2)

n,s| ≤ (14π)2.

1. Stepanets A. I. Methods of approximation theory. � Leiden�Boston: VSP, 2005. � 919 p.
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In accordance with a de�nition, a chain of cross-cuts {σm} determines a chain of domains

dm ⊂ D such that ∂ dm ∩ D ⊂ σm and d1 ⊃ d2 ⊃ . . . ⊃ dm ⊃ . . .. Two chains of cross-cuts
{σm} and {σ ′k} are said to be equivalent if for every m = 1, 2, . . . the domain dm contains
all domains d ′k except �nitely many of them, and for every k = 1, 2, . . . the domain d ′k also
contains all domains dm except �nitely many. An end of a domain D is an equivalence class
of chains of cross-cuts of D. We say that an end K is a prime end if K contains a chain of
cross-cuts {σm}, such that lim

m→∞
M(Γ(C, σm, D)) = 0 for some continuum C in D, where M

is the modulus of the family Γ(C, σm, D). We say that the boundary of a domain D in Rn is
locally quasiconformal if every point x0 ∈ ∂D has a neighborhood U that admit a conformal
mapping ϕ onto the unit ball Bn ⊂ Rn such that ϕ(∂D ∩ U) is the intersection of Bn and a
coordinate hyperplane. We say that a bounded domain D in Rn is regular if D can be mapped
quasiconformally onto a domain with a locally quasiconformal boundary. IfDP is the completion
of a regular domain D by its prime ends and g0 is a quasiconformal mapping of a domain
D0 with locally quasiconformal boundary onto D, then this mapping naturally determines
the metric ρ0(p1, p2) =

∣∣g̃0
−1(p1)− g̃0

−1(p2)
∣∣, where g̃0 is the extension of g0 onto D0. Let

ϕ : [0,∞) → [0,∞) be a nondecreasing function, x = (x1, . . . , xn), f(x) = (f1(x), . . . , fn(x)),

|∇f(x)| =
√

n∑
i=1

n∑
j=1

(
∂fi
∂xj

)2

. Now we write f ∈ W 1,ϕ
loc (D), if fi ∈ W 1,1

loc for each i = 1, . . . , n, and∫
G

ϕ (|∇f(x)|) dm(x) < ∞ for every domain G ⊂ D with a compact closure G ⊂ D. Let D be

a domain in Rn, n ≥ 2, and f : D → Rn be a continuous mapping. A mapping f : D → Rn is
said to be discrete if the preimage f −1 (y) of every point y ∈ Rn consists of isolated points, and
open if the image of every open set U ⊂ D is open in Rn. A mapping f is closed if the image
of every closed set U ⊂ D is closed in f(D). Set l (f ′(x)) := min

|h|=1
|f ′(x)h|, J(x, f) := det f ′(x),

KI,α(x, f) = |J(x,f)|
l(f ′(x))α

if J(x, f) 6= 0, KI,α(x, f) = 1 if f ′(x) = 0 and KI,α(x, f) =∞ at the rest
points. The following results hold.

Theorem 1. Let n > 2, α > 1, let D be a regular domain in Rn, and let D ′ be a bounded
domain with locally quasiconformal boundary, which is strongly accessible with respect to α-
modulus. Assume that f : D → D ′ is open, discrete and closed, D ′ = f(D) and W 1,ϕ

loc (D). Then
f has a continuous extension f : DP → D ′P such that f(DP ) = D ′P , whenever ϕ satis�es

the condition
∞∫
1

(
t

ϕ(t)

) 1
n−2

dt < ∞ and, besides that there exists Lebesgue measurable function

Q : Rn → [0,∞], Q(x) ≡ 0 for x 6∈ D, 0 < Q(x) < ∞ for x ∈ D, such that KI,α(x, f) 6 Q(x)
for a.a. x ∈ D and

ε0∫
ε

dt

t
n−1
α−1 q

1
α−1
x0 (t)

<∞ ,

ε0∫
0

dt

t
n−1
α−1 q

1
α−1
x0 (t)

=∞ , (1)

where qx0(r) := 1
ωn−1rn−1

∫
|x−x0|=r

Q(x) dHn−1.

Theorem 2. The statement of the Theorem 1 is true, if instead of the conditions (1) we
require that Q ∈ FMO(x0) for every x0 ∈ ∂D.

35



The best M -term trigonometric approximations of
multivariate classes of functions with bounded

generalized derivative
K.V. Shvai

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
kate.shvai@gmail.com

Let us consider the space Lq (πd) , 1 ≤ q <∞, of 2π-periodic by each variable functions f ,
with the �nite norm

‖f‖Lq(πd) = ‖f‖q =

(
(2π)−d

∫
πd

|f(x)|qdx
) 1

q

, 1 ≤ q <∞,

where x = (x1, . . . , xd) ∈ Rd, d ≥ 1, and πd =
d∏
j=1

[−π, π].

Investigated here is a behavior for the best M -term trigonometric approximations of classes
Lψβ,1, ψ = (ψ1, . . . , ψd), β = (β1, . . . , βd), of periodic multivariate functions (see, e.g., [1]). In the

case d = 1, the classes Lψβ,1 were proposed by A. I. Stepanets [2, p. 132].
De�nition. The best M-term trigonometric approximation of a functional class F ⊂ Lq,

1 ≤ q <∞, is the quantity

eM(F )q = sup
f∈F

inf
kj ,cj

∥∥∥∥∥f(·)−
M∑
j=1

cje
i(kj ,·)

∥∥∥∥∥
q

,

where {kj}Mj=1 is a system of vectors kj =
(
kj1, ..., k

j
d

)
with integer coordinates, and cj, j = 1,M,

are arbitrary complex numbers.
Denote by D a set of sequences ϕ satisfying the following conditions:

1. ϕ are positive and nonincreasing;

2. ∃K > 0 such that ∀l ∈ N ϕ(l)/ϕ(2l) ≤ K.

Theorem. Let 2 ≤ q <∞, ψj ∈ D, βj ∈ R, j = 1, d, and, besides, there exists ε > 0 such
that ψj (l) l1+ε are nonincreasing. Then for all M and n that satisfy conditions M � 2nnd−1,
we have the estimate

Φ(n)M
1
2 � eM

(
Lψβ,1

)
q
� Ψ(n)M

1
2 ,

where Φ(n) = min
(s,1)=n

d∏
j=1

ψj (2sj), Ψ(n) = max
(s,1)=n

d∏
j=1

ψj (2sj), (s, 1) = s1 + s2 + . . . sd.

1. Romanyuk A. S. Approximation of classes of periodic functions of several variables // Ukr. Mat.
Zh. � 1992. � 44, No 5. � P. 662�672 (in Russian).

2. Stepanets A. I. Methods of approximation theory. � Leiden�Boston: VSP, 2005. � 919 p.
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Direct and inverse approximation theorems of
2π-periodic functions by Taylor-Abel-Poisson means

Andrii Shydlich
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

shidlich@gmail.com

Let Lp = Lp(T), 1 ≤ p ≤ ∞, be the space of all functions f , given on the torus T = [0, 2π]
with the usual norm ‖f‖p. For f ∈ L1, % ∈ [0, 1) and r ∈ N, we set

A%,r(f)(t) :=
∑
k∈Z

λ|k|,r(%)f̂ke
ikt,

where f̂k are Fourier coe�cients of f , λk,r(%) ≡ 1, when 0 ≤ k ≤ r − 1 and

λk,r(%) =
r−1∑
j=0

(
k

j

)
(1− %)j%k−j, when k = r, r + 1, . . .

If for f ∈ L1 and n ∈ N, there exists the function g ∈ L1 such that ĝk = 0, when |k| < n and
ĝk = f̂k|k|!/(|k| − n)!, when |k| ≥ n, k ∈ Z, then we say that for the function f , there exists
the radial derivative g of order n, for which we use the notation f [n]. Let also

Kn(δ, f)p := inf{‖f − h‖p + δn‖h[n]‖p : h[n] ∈ Lp}, δ > 0,

denote K�functional of f ∈ Lp, generated by the nth radial derivative.
Theorem. Assume that f ∈ Lp, 1 < p ≤ ∞, n, r ∈ N, n ≤ r and ω(t) is an increasing

continuous on [0, 1] function such that ω(0) = 0 and
∫ δ

0
ω(t)
t
dt+ δn

∫ 1

δ
ω(t)
tn+1dt = O(ω(δ)), δ > 0.

Then
‖f − A%,r(f)‖p = O

(
(1− %)r−nω(1− %)

)
, %→ 1−,

i� there exists the derivative f [r−n] ∈ Lp and

Kn(δ, f [r−n])p = O(ω(δ)), δ → 0 + .

This is a joint work with J�urgen Prestin (Institute of Mathematics, University of L�ubeck, Germany) and

Viktor Savchuk (Institute of Mathematics of NAS of Ukraine). It was partially supported by the FP7-People-

2011-IRSES project number 295164 (EUMLS: EUUkrainian Mathematicians for Life Sciences).
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On the "Interference" of Contour and Weight
Function for Orthogonal Polynomials Along a

Contour
D. Simsek1,3, M. Imaskizi1, B. O�gul1, F.G. Abdullayev1,2

1Kyrgyz-Turkish Manas University, Kyrgyzstan,
2Mersin University, Turkey,
3Sel�cuk University, Turkey

fahreddin.abdullayev@manas.edu.kg; dagistan.simsek@manas.edu.kg

Let L ⊂ C be a closed recti�able Jordan curve and let h(z) be a non-negative, summable on
L and non-zero except possible on a set of measure zero function. The systems of polynomials
{Kn(z)} , Kn(z) = anz

n + ..., degKn = n, n = 0, 1, 2, ..., satisfying the given condition∫
L

h(z)Kn(z)Km(z) |dz| =
{

1, n = m,
0, n 6= m,

are called orthonormal polynomials for the pair (L, h). These polynomials are determined uni-
quely if the coe�cient an > 0.

In this paper, we continue the investigation begun in [1]�[4] (also references therein), order
of growth of the modulus of orthogonal polynomials in the weighted space, where the contour
and the weight functions have some singularities on the �nite points on the contour.

We obtain estimations for modulus of these polynomials, when the "algebraic zero" and
"algebraic pole" conditions are ful�lled.

1. Abdullayev F.G. On the some properties on orthogonal polynomials over the regions of complex
plane. I // Ukr. Math. J. � 2000. � 52, No 12. � P. 1807�1817.

2. Abdullayev F.G. On the some properties on orthogonal polynomials over the regions of complex
plane. II // Ukr. Math. J. � 2001. � 53, No 1. � P. 1�14.

3. Abdullayev F.G. On the interference of the weight boundary contour for orthogonal polynomials
over the region // J. of Comp. Anal. and Appl. � 2004. � 6, No 1. � P. 31�42.

4. Abdullayev F.G., Abdullayev G.A. On the Sharp Inequalities for Orthonormal Polynomials
Along a Contour // Complex Analysis and Operator Theory. � 2017. � No 1, DOI: 10.1007/s11785-
017-0640-1.
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About the best polynomial approximation in L2
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The given scienti�c message is by continuation of researches of the author [1]�[3]. The
module of a continuity

ω̂(f, t)p = sup{‖(4/π2)
∑
ν∈Z

f(x+ (2ν + 1)h)/(2ν + 1)2 − f(x)‖p : 0 6 h 6 t} (t > 0)

was considered by K.V. Runovskiy and H.-J. Schmeisser in the space of 2π-periodic functions of
Lp(1 6 p 6∞). Let's use the given characteristic of smoothness for the decision of the number
of extreme tasks of the approximation theory of functions in the space L2. Proceeding from the
o�ered A. I. Stepanets classi�cation of 2π-periodic functions, by symbol Lψβ,2 we shall designate

a class of functions f in L2, for each of which their (ψ, β)-derivatives fψβ belong L2. Let M be
the class of continuous functions on the set [1,∞), which are positive, convex downwards and
aspire to 0 at x → ∞. The sequences {ψ(j)}j∈N, which participate in the de�nition of (ψ, β)-
derivatives, are the narrowing of functions ψ from M on the set N; thus Lψβ,2 ⊂ L2. Let En−1(f)
be the best approximation of function f ∈ L2 by subset of trigonometrical polynomials, which
order does not exceed n− 1.

Theorem. Let function ψ ∈ M is di�erentiable on the set (1,∞); τ ∈ (0, π/n]; n ∈ N; ξ
is non-negative di�erentiable function almost everywhere on (0, τ), which is not equivalent to
zero and such that sup{a(ψ, x) : 1 6 x <∞} 6 2, where a(ψ, x) = ψ(x)/(x|ψ′(x)|). If at some
p, which satis�es to the condition sup{a(ψ, x) : 1 6 x < ∞} 6 p 6 2, for almost all t ∈ (0, τ)
and anyone x ∈ (1,∞) the inequality (p/a(ψ, x)− 1)ξ(t)− tξ′(t) > 0 is fair, the equality takes
place

sup
f∈Lψ

β,2
f 6≡const

nEn−1(f)

ψ(n)
{ ∫ τ

0
ω̂p(fψβ , t)ξ(t)dt

}1/p
=

π

2
{ ∫ τ

0
tpξ(t)dt

}1/p
.

Let, for example, ψr(x) = x−r, where r ∈ R+\{0} and 1 6 x <∞, β ∈ R. Then fψβ = f
(r)
β is

the Weyl � Nady derivative and a(ψr, x) = 1/r for x ∈ [1,∞). Let ξ(t) = tm, where 0 6 m <∞.
If (1 +m)/2 6 r <∞ and (1 +m)/r 6 p 6 2, we obtain from the theorem

sup
f∈Lψr

β,2
f 6≡const

nr+1En−1(f){ ∫ τ
0
ω̂p(f

(r)
β , t)tmdt

}1/p
=
π(p+m+ 1)1/p

2τ 1+(m+1)/p
,

where 0 < τ 6 π/n.
1. Vakarchuk S.B. Jackson-type inequalities with generalized modulus of continuity and exact

values of the n-widths of the classes of (ψ, β)-di�erential functions in L2. I. // Ukr. Mat. Zh. �
2016. � 68, No 6. � P. 723�745.

2. Vakarchuk S.B. Jackson-type inequalities with generalized modulus of continuity and exact
values of the n-widths of the classes of (ψ, β)-di�erential functions in L2. II.// Ukr. Mat. Zh. �
2016. � 68, No 8. � P. 1021�1036.

3. Vakarchuk S.B. Jackson-type inequalities with generalized modulus of continuity and exact
values of the n-widths of the classes of (ψ, β)-di�erential functions in L2. III.// Ukr. Mat. Zh. �
2016. � 68, No 10. � P. 1299�1319.
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De�nition 1.We say that the set E ⊂ Rn is m-convex with respect to the point x ∈ Rn\E,
if exists a m-dimensional plane L, such that x ∈ L and L ∩ E = ∅.

De�nition 2. The open set G ⊂ Rn is called weakly m-convex if it is m-convex with respect
to each point x ∈ ∂G that belongs to the boundary of the set G. Any set E ⊂ Rn is weakly
m-convex if it can be approximated from outside by the family of open weakly m-convex sets.

Proposition. If E1 is a weakly k-convex set and E2 is a weakly m-convex set, k 6 m, then
the set E = E1 ∩ E2 will be weakly k-convex.

Let G(n,m) be Grassmann manifold of m-dimensional planes in [4]. The conjugate set E∗

to the set E is called a subset of a set of m-dimensional planes in G(n,m) that don't intersect
the set E.

Theorem. If K is a weakly m-convex compact set and the set K∗ is connected then for the
section of K by every (n−m)-dimensional plane L the set L\K ∩ L will be connected.

1. Zelinskii Yu.B. Convexity. Selected topics // Proc. of Institute of Mathematics NASU. � Kiev,
2012. � 92. � 280 p. (in Russian).

2. Zelinskii Yu.B., Momot I. V. About (n,m)-convex sets // Ukr. Mat. Zh. � 2001. � 53, No 3. �
P. 422�427 (in Russian).

3. Zelinskii Yu.B., Gretsky A. S., Momot I. V. Some results on generalized convex sets, Classical
analysis // Proceedings of 10-th intern. sympos. Poland, 1999. � Warsaw, 2001. � P. 113�124.

4. Rîhlin V.À., Fuks D.B. Basic Topology course. � Moscow: Nauka, 1977. � 488 p. (in Russian).
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Äåÿêi êëàñè ãîëîìîðôíèõ â êðóçi ôóíêöié
Á.Ï. Àíòîíþê

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, ì. Ëóöüê
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Ðîçãëÿíåìî ìíîæèíóH ôóíêöié, ãîëîìîðôíèõ â êðóçi D := {z ∈ C : |z| < 1} [1]. Íåõàé
λ : R+ → R+ çðîñòàþ÷à k ðàçiâ äèôåðåíöiéîâàíà (k ∈ N) ôóíêöiÿ äiéñíîãî àðãóìåíòó, ùî
çàäîâîëüíÿ¹ óìîâó: λ(i)(t) 6= 0 ïðè t > 0, i = 1, k. Îçíà÷èìî êëàñ ãîëîìîðôíèõ ôóíêöié
L k
λ íàñòóïíèì ÷èíîì:

L k
λ =

{
f ∈H : |f |L k

λ
:= sup

z∈D

|f (k)(z)|
|λ(k)(1− |z|)|

<∞
}
.

Äëÿ íåïåðåðâíî¨ çðîñòàþ÷î¨ ôóíêöi¨ λ : R+ → R+ òàêî¨, ùî λ(0) = 0 ââåäåìî íàñòóïíi
êëàñè ãîëîìîðôíèõ ôóíêöié:

Lipλ(D) =

{
f ∈H : |f |Lipλ(D) := sup

z1,z2∈D

|f(z1)− f(z2)|
λ(|z1 − z2|)

<∞
}
,

Bk
λ =

{
f ∈H : |f |Bk

λ
:= sup

z∈D

(1− |z|)k

λ(1− |z|)
· |f (k)(z)| <∞

}
.

Ó âèïàäêó, ÿêùî
lim inf
t→0+

∣∣λ(k)(t)
∣∣ > 0

òà, âiäïîâiäíî,

lim inf
t→0+

λ(t)

tk
> 0,

òî êëàñè L k
λ i Bk

λ ¹ íå òðèâiàëüíèìè, òîáòî ñêëàäàþòüñÿ íå ëèøå ç àëãåáðà¨÷íèõ ìíîãî÷ëå-
íiâ ñòåïåíÿ íèæ÷å k. Âiäìiòèìî, ùî îçíà÷åíi êëàñè ãîëîìîðôíèõ ôóíêöié ðîçãëÿäàëèñÿ
â ðîáîòi [2].

Àíàëîãi÷íî îçíà÷èìî íàñòóïíi êëàñè ãîëîìîðôíèõ ôóíêöié:

Zλ =

{
f ∈H : |f |Zλ := sup

z1,z2∈D

|f(z1)− 2f( z1+z2
2

) + f(z2)|
λ(|z1 − z2|)

<∞
}

;

M k
λ =

{
f ∈H : |f |M k

λ
:= sup

z∈D

|f (k)(z)|(1− |z|)
λ(k−1)(1− |z|)

<∞
}
.

Ðîçãëÿäàþòüñÿ óìîâè, ÿêi íåîáõiäíî íàêëàñòè íà λ, ùîá îòðèìàòè âêëàäåííÿ àáî ðiâ-
íiñòü äëÿ äâîõ ãðóï êëàñiâ:

1) L k
λ , Lipλ(D), Bk

λ

2) M k
λ , Zλ, Bk

λ.

1. Ãîëóçèí Ã.Ì. Ãåîìåòðè÷åñêàÿ òåîðèÿ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî (2-å èçä.). � Ìî-
ñêâà: Íàóêà, 1966. � 628 c.

2. Ïiääóáíèé Î.Ì., Ñàâ÷óê Â.Â. Ìàæîðàíòè â òåîðåìi òèïó Ãàðäi-Ëiòòëâóäà äëÿ ïîõiäíèõ
âèùèõ ïîðÿäêiâ àíàëiòè÷íèõ ôóíêöié // Çáiðíèê ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. �
2013. � 10, � 1. � Ñ. 184�198.
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1Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ì.Ï. Äðàãîìàíîâà, ì. Êè¨â
2Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Ò.Ã. Øåâ÷åíêà, ì. Êè¨â
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Íåõàé X � ëiíiéíèé ïðîñòið, {Th : h ≥ 0} � îäíîïàðàìåòðè÷íà ñiì`ÿ ëiíiéíèõ îïåðàòîðiâ

Th : X → X, h ≥ 0, ÿêà óòâîðþ¹ ïiâãðóïó, òîáòî T0 = I � îäèíè÷íèé îïåðàòîð i Th1+h2 =
Th1Th2 äëÿ äîâiëüíèõ h1 ≥ 0 i h2 ≥ 0. Íåõàé òàêîæ iñíó¹ ëiíiéíà ìíîæèíà Y ⊂ X, íà ÿêié
ââåäåíî íîðìó ‖·‖, ïðè÷îìó äëÿ âñiõ f ∈ X i h ≥ 0 ñïðàâåäëèâå âêëþ÷åííÿ (Th − I) f ∈ Y
i ‖Thf − f‖ → 0, h → 0. Ïðèïóñòèìî òàêîæ, ùî äëÿ êîæíîãî h ≥ 0 çâóæåííÿ îïåðàòîðà

Th íà ïðîñòið Y , ÿêå ìè ïîçíà÷èìî T̃h, ¹ íåïåðåðâíèì îïåðàòîðîì i éîãî íîðìà
∥∥∥T̃h∥∥∥ ≤ 1.

ßêùî X = Y � áàíàõiâ ïðîñòið, òî çà íàâåäåíèõ ïðèïóùåíü ïiâãðóïà {Th : h ≥ 0}
íàçèâà¹òüñÿ ñòèñêóþ÷îþ ïiâãðóïîþ êëàñó (C0). Ïðè öüîìó äëÿ ÷èñëà α > 0 ôóíêöiÿ

ωα (f, t) := sup
h∈[0,t]

‖(I − Th)αf‖ , t ≥ 0, (1)

äå (I − Th)αf :=
∞∑
j=0

Cj
α (−1)T jhf i C

0
α := 1, Cj

α := α(α−1)·...·(α−j+1)
j!

, j ≥ 1, íàçèâà¹òüñÿ ìîäóëåì

íåïåðåðâíîñòi åëåìåíòà f ∈ Y ïîðÿäêó α > 0, ïîðîäæåíèì ïiâãðóïîþ {Th : h ≥ 0}.
Çà ïðèïóùåíü ïåðøîãî àáçàöó, ÿêùî f ∈ X, òî åëåìåíò g := (I − Th) f ∈ Y ; ïðè öüîìó

äëÿ α > 1 ìà¹ ìiñöå ðiâíiñòü (I − Th)αg = (I − Th)α−1 (I − Th) g. Îñêiëüêè‖Th‖ ≤ 1 i ðÿä
∞∑
j=0

Cj
α çáiãà¹òüñÿ àáñîëþòíî ïðè α > 0, òî ïðè α ≥ 1 i f ∈ X åëåìåíò (I − Th)αf ∈ Y

êîðåêòíî âèçíà÷åíèé. Òîìó ôîðìóëà (1) âèçíà÷à¹ ìîäóëü íåïåðåðâíîñòi ïîðÿäêó α ≥ 1
åëåìåíòà f ∈ X, ïîðîäæåíèé ïiâãðóïîþ {Th : h ≥ 0}, i çà ïðèïóùåíü ïåðøîãî àáçàöó
(êîëè, âçàãàëi êàæó÷è, X 6= Y ).

Ëåãêî äîâåñòè, ùî ìîäóëi íåïåðåðâíîñòi ω = ωα (f, ·) çàäîâîëüíÿþòü óìîâè: 1) ω (0) = 0;
2) ôóíêöiÿ ω ¹ íåïåðåðâíîþ íà [0,+∞); 3) ôóíêöiÿ ω ¹ íåñïàäíîþ íà [0,+∞).

Òåîðåìà. Íåõàé âèêîíó¹òüñÿ îäíà ç óìîâ: 1) X = Y � áàíàõiâ ïðîñòið, {Th : h ≥ 0} �
ñòèñêóþ÷à ïiâãðóïà êëàñó (C0), α ≥ 3; 2) ñïðàâåäëèâi ïðèïóùåííÿ, çðîáëåíi â ïåðøî-
ìó àáçàöi äàíî¨ ðîáîòè, α ≥ 4. Òîäi äëÿ äîâiëüíîãî ÷èñëà β > α − 1

2
iñíó¹ ôóíêöiÿ

ω : [0,+∞)→ R, íå òîòîæíî ðiâíà íóëþ, ùî çàäîâîëüíÿ¹ óìîâè 1)�3), òàêà, ùî ôóíêöiÿ
(0,+∞) ∈ δ 7→ ω (δ) /δβ ¹ íå çðîñòàþ÷îþ íà (0,+∞) i ïðè öüîìó íi äëÿ ÿêîãî åëåìåíòà
f ∈ X íå âèêîíó¹òüñÿ ðiâíiñòü

lim
δ→0+

ωα (f, δ) /ω (δ) = 1.

Öÿ òåîðåìà óçàãàëüíþ¹ ðåçóëüòàòè ðîáiò [3] (â ÿêié α ∈ N, α ≥ 2, β > α− 1), [2] i [1] (â
ÿêèõ ðîçãëÿäàâñÿ âèïàäîê, êîëè X � ïðîñòið ðiâíîìiðíî íåïåðåðâíèõ íà îñi ôóíêöié, Th �
îïåðàòîð çñóâó íà h, α = 3 òà α = 2 âiäïîâiäíî).

1. Êîíÿãèí Ñ.Â. Î âòîðûõ ìîäóëÿõ íåïðåðûâíîñòè // Òðóäû Ìàòåì. èí-òà èì. Â.À. Ñòåêëîâà.
� 2010. � 269. � Ñ. 150�152.

2. Áåçêðèëà Ñ. I., Íåñòåðåíêî Î.Í., ×àéêîâñüêèé À.Â. Ïðî òðåòi ìîäóëi íåïåðåðâíîñòi // Óêð.
ìàò. æóðí. � 2014.� 66, � 10. � Ñ. 1420�1424.

3. Bezkryla S. I., Nesterenko O.N., Chaikovs'kyi A.V. On high orders moduli of continuity generated
by semigroups of operators // Jaen J. Approx. � 2016 � 8, No 2. � P. 183�190.
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Ïðî ïàðàáîëi÷íi îáëàñòi çáiæíîñòi ãiëëÿñòèõ
ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó

Ä. I. Áîäíàð1, I. Á. Áiëàíèê2

1Òåðíîïiëüñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò, ì. Òåðíîïiëü
2Òåðíîïiëüñüêèé íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò

iìåíi Âîëîäèìèðà Ãíàòþêà, ì. Òåðíîïiëü
bodnar4755@ukr.net, i.bilanyk@ukr.net

Ðîçãëÿíåìî ãiëëÿñòèé ëàíöþãîâèé äðiá (ÃËÄ) ñïåöiàëüíîãî âèãëÿäó

(
1 +

∞

D
k=1

ik−1∑
ik=1

ai(k)

1

)−1

=

1 +
N∑
i1=1

ai(1)

1 +

i1∑
i2=1

ai(2)

1+...



−1

, (1)

äå ai(k) � êîìïëåêñíi ÷èñëà, i(k) ∈ I,

I = {i(k) = i1i2 . . . ik : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = N} .

Íåõàé

I(m+1) = {i(n) = i1i2 . . . in : m+ 1 ≤ in ≤ in−1 ≤ ... ≤ i0; n ≥ 1; i0 = N} ,m = 1, N − 1.

Âèêîðèñòîâóþ÷è áàãàòîâèìiðíèé àíàëîã êðèòåðiÿ Çåéäåëÿ äëÿ ÃËÄ ñïåöiàëüíîãî âè-
ãëÿäó, òåõíiêó îáëàñòåé åëåìåíòiâ òà îáëàñòåé çíà÷åíü, òåîðåìó Ñòiëò¹ñà-Âiòàëi, âñòàíîâ-
ëåíî äîñòàòíþ îçíàêó çáiæíîñòi ÃËÄ (1).

Òåîðåìà. Íåõàé åëåìåíòè äðîáó (1) íàëåæàòü ïàðàáîëi÷íèì îáëàñòÿì Pi(k), òîáòî
ai(k) ∈ Pi(k), i(k) ∈ I, äå

Pi(k) (γ) = Pik (γ) =

{
z ∈ C : |z| −Re

(
ze−2iγ

)
<

1− ε
2ik−1

cos2γ

}
,

ai(k) ∈ C, ε � äîâiëüíå ìàëå äiéñíå ÷èñëî (0 < ε < 1)
Òîäi :
1) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ ïiäõiäíèõ äðîáiâ ÃËÄ (1);

2) ÃËÄ (1) çáiãà¹òüñÿ ÿêùî
∞∑
k=1

bm[k] =∞,
∞∑
k=1

bi(n)m[k] =∞, äëÿ êîæíîãî m, 1≤m≤N,

i êîæíîãî, i(n), i(n) ∈ I(m+1), äå ÷èñëà bi(k) îäíîçíà÷íî âèçíà÷àþòüñÿ iç ñïiââiäíîøåííÿ
bi(0) = b0 = 1,

∣∣ai(k)

∣∣ =
(
bi(k−1)bi(k)

)−1
, i(k) ∈ I, à òàêîæ m[k] = mm...m︸ ︷︷ ︸

k

;

3) îáëàñòþ çíà÷åíü öüîãî äðîáó ¹ êðóã

K (γ) =

{
z ∈ C :

∣∣∣∣z − e−iγ

cos γ

∣∣∣∣ ≤ 1

cos γ

}
.
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Íàáëèæåííÿ êëàñiâ iíòåãðàëiâ Ïóàññîíà
ïîâòîðíèìè îïåðàòîðàìè

Â. I. Áîäðà, À.Â. Ñòüîïêií, �.Þ. Ñèï÷óê
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, ì. Êè¨â
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê

bodrayaviktoriya@gmail.com

Ïîçíà÷èìî ÷åðåç Cq
β,∞, q ∈ (0; 1), β ∈ R, êëàñ íåïåðåðâíèõ 2π�ïåðiîäè÷íèõ ôóíêöié

f(x), ÿêi ìîæíà ïîäàòè ó âèãëÿäi çãîðòêè

f(x) = A0 +
1

π

π∫
−π

ϕ(x+ t)P q
β (t) dt,

äå P q
β (t) =

∞∑
k=1

qk cos(kt+ βπ
2

) � ÿäðî Ïóàññîíà, à äëÿ ôóíêöi¨ ϕ(x) âèêîíàíà óìîâà [1]

esssup|ϕ(x)| ≤ 1.

Çàäà÷à íàáëèæåííÿ êëàñiâ iíòåãðàëiâ Ïóàññîíà ëiíiéíèìè îïåðàòîðàìè ìà¹ áàãàòó iñòî-
ðiþ, ïîâ'ÿçàíó ç iìåíàìè Ñ.Ì. Íiêîëüñüêîãî, Ñ.Á. Ñò¹÷êiíà, Î. I. Ñòåïàíöÿ, À.Ñ. Ñåðäþêà,
Â. I. Ðóêàñîâà, Ñ.Î. ×àé÷åíêà òà iíøèõ.

Íåõàé Sn(f ;x) � ñóìè Ôóð'¹ ôóíêöi¨ f ∈ L. Íåõàé, äàëi p̄ = {p1, p2, p3, p4} � íàáið äîâiëü-

íèõ íàòóðàëüíèõ ÷èñåë òàêèõ, ùî
4∑

k=1

pk = n+ 3. Ôóíêöi¨ f ∈ L ïîñòàâèìî ó âiäïîâiäíiñòü

ïîñëiäîâíiñòü òðèãîíîìåòðè÷åñêèõ ïîëiíîìiâ

σ
(4)
n,p̄(f ;x) =

1

p1

n−1∑
k1=n−p1

1

p2

k1∑
k2=k1−p2+1

1

p3

k2∑
k3=k2−p3+1

1

p4

k3∑
k4=k3−p4+1

Sk4(f ;x), (1)

ÿêi áóäåìî íàçèâàòè 4-ïîâòîðíèìè ñóìàìè Ôåé¹ðà.
Íàìè âèâ÷åíà àñèìïòîòè÷íà ïîâåäiíêà âåðõíiõ ãðàíåé âiäõèëåíü ïîâòîðíèõ ñóì Ôåé¹ðà

σ
(4)
n,p̄(f ;x) íà êëàñàõ Cq

β,∞ äëÿ β = 1, q ∈ (0; 1/4).
Tåîðåìà. Íåõàé q ∈ (0; 1/4) Òîäi äëÿ n→∞ ìà¹ ìiñöå àñèìïòîòè÷íà ôîðìóëà

E(Cq
1,∞, σ

(4)
n,p̄)C := sup

f∈Cq1,∞
||f − σ(4)

n,p̄(f)||C =
q[4 + 3q2 − q4]

π
∏4

i=1 pi(1− q2)4
+O(1)

∑4
i=1 q

pi∏4
i=1 pi

,

äå O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî n òà q.
1. Ñòåïàíåö À.È. Ïðèáëèæåíèå àíàëèòè÷åñêèõ íåïðåðûâíûõ ôóíêöèé // Ìàò. ñáîðíèê. �

2001. � 192, � 1. � C. 113�138.
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Ñåðåäíi ïîïåðå÷íèêè êëàñiâ ôóíêöié â L2(R)
Ñ.Á. Âàêàð÷óê, Ì.Á. Âàêàð÷óê

Óíiâåðñèòåò iìåíi Àëüôðåäà Íîáåëÿ, ì. Äíiïðî
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

sbvakarchuk@ukr.net, vacarchuk@yandex.ru

Íåõàé L2(R), R = {x : −∞ < x < ∞}, ¹ ïðîñòið âñiõ âèìiðíèõ ôóíêöié f , çàäàíèõ
íà R, êâàäðàò ìîäóëÿ ÿêèõ iíòåãðîâàíèé çà Ëåáåãîì íà áóäü-ÿêîìó ñêií÷åíîìó ïðîìiæêó,
à íîðìà âèçíà÷à¹òüñÿ ôîðìóëîþ ‖f‖ =

{ ∫∞
−∞ |f(x)|2dx

}1/2
< ∞. Äëÿ äîâiëüíî¨ ôóíêöi¨

f ∈ L2(R) ìîäóëü íåïåðåðâíîñòi m-ãî ïîðÿäêó âèçíà÷àþòü ÿê

ωm(f, t) = sup{‖∆m
h (f)‖ : |h| 6 t}, t > 0, m ∈ N,

äå ñêií÷åíà ðiçíèöÿ m-ãî ïîðÿäêó

∆m
h (f, x) =

m∑
j=0

(−1)m−j
(
m

j

)
f(x+ jh)

îçíà÷åíà ìàéæå âñþäè íà R. Ïiä Lr2(R), r ∈ N, ðîçóìi¹ìî êëàñ ôóíêöié f ∈ L2(R), ó
ÿêèõ ïîõiäíi (r − 1)-ãî ïîðÿäêó f (r−1) (f (0) ≡ f) ëîêàëüíî àáñîëþòíî íåïåðåðâíi, à ïîõi-
äíi r-ãî ïîðÿäêó f (r) íàëåæàòü ïðîñòîðó L2(R). Íåõàé Bσ,2, 0 < σ < ∞, ¹ çâóæåííÿì íà
R ìíîæèíè âñiõ öiëèõ ôóíêöié åêñïîíåíöiéíîãî òèïó σ, ùî íàëåæàòü L2(R). Âåëè÷èíà
Aσ(f) = inf{‖f − g‖ : g ∈ Bσ,2} ¹ íàéêðàùèì íàáëèæåííÿì ôóíêöi¨ f ∈ L2(R) åëåìåíòàìè
ìíîæèíè Bσ,2; A(M) = sup{Aσ(f) : f ∈M}, äå ìíîæèíà M ⊂ L2(R). Íåõàé Φ(t), 06 t<∞,
¹ íåïåðåðâíîþ çðîñòàþ÷îþ ôóíêöi¹þ (ìàæîðàíòîþ), äëÿ ÿêî¨ Φ(0) = 0; W r(ωm,Φ) ¹ êëàñ
ôóíêöié f ∈ Lr2(R), äëÿ ïîõiäíèõ r-ãî ïîðÿäêó ÿêèõ âèêîíó¹òüñÿ óìîâà ωm(f (r), t) 6 Φ(t),
0 < t. ×åðåç bν(·), dν(·), δν(·), 0 < ν < ∞, ïîçíà÷èìî ñåðåäíi áåðíøòåéíiâñüêèé, êîëìîãî-
ðiâñüêèé òà ëiíiéíèé ν-ïîïåðå÷íèêè. Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà. Íåõàé ν ∈ (0,∞); m, r ∈ N; ìàæîðàíòà Φ çàäîâîëüíÿ¹ óìîâó

inf{Φ(t)/ sinm(νπt/2) : 0 < t 6 1/ν} = lim{Φ(t)/ sinm(νπt/2) : t→ 0+}. (1)

Òîäi âèêîíóþòüñÿ ðiâíîñòi

Πν(W
r(ωm,Φ);L2(R)) = Aνπ(W r(ωm,Φ)) =

= 2−m(νπ)−rlim{Φ(t)/ sinm(νπt/2) : t→ 0+}, (2)

äå Πν(·) � áóäü-ÿêèé ç ñåðåäíiõ ν-ïîïåðå÷íèêiâ: bν(·), dν(·) àáî δν(·).
ßêùî, íàïðèêëàä, Φ∗(t) = tm, òî óìîâà (1) âèêîíó¹òüñÿ, à (2) ïðèéìà¹ âèãëÿä

Πν(W
r(ωm,Φ∗);L2(R)) = Aνπ(W r(ωm,Φ∗)) = (νπ)−r−m.

Íàâåäåíó òåîðåìó ìîæíà ðîçãëÿäàòè, ÿê ïåâíå ðîçâèíåííÿ îäíîãî ðåçóëüòàòóÞ. I. Ãðè-
ãîðÿíà [1] íà âèïàäîê íàáëèæåííÿ ôóíêöié â L2(R).

1. Ãðèãîðÿí Þ.È. Ïîïåðå÷íèêè íåêîòîðûõ ìíîæåñòâ â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ //
Óñïåõè ìàòåì. íàóê. � 1975. � 30, � 3. � Ñ. 161�162.
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Òåîðåìè iñíóâàííÿ áàãàòîâèìiðíèõ óçàãàëüíåíèõ
ìîìåíòíèõ çîáðàæåíü
Ã.Ì. Âåñåëîâñüêà1, À.Ï. Ãîëóá2

1,2 Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
1anaweseka@gmail.com, 2apholub@gmail.com

Ïîíÿòòÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü, çàïðîïîíîâàíå Â.Ê. Äçÿäèêîì ó 1981-
ìó ðîöi [1], ó ðîáîòi [2] áóëî ïîøèðåíå íà âèïàäîê d-âèìiðíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé
(d ≥ 2).

Îçíà÷åííÿ. Óçàãàëüíåíèì ìîìåíòíèì çîáðàæåííÿì d-âèìiðíî¨ ÷èñëîâî¨ ïîñëiäîâíîñòi
{sk}k∈Zd+ íà äîáóòêó ëiíiéíèõ ïðîñòîðiâ X × Y íàçèâà¹òüñÿ ñóêóïíiñòü ðiâíîñòåé

sk+j = 〈xk, yj〉, k, j ∈ Zd+, (1)

äå {xk}k∈Zd+ ⊂ X , {yj}j∈Zd+ ⊂ Y , à 〈·, ·〉 � áiëiíiéíà ôîðìà íà X × Y .
Âñòàíîâëåíî äåÿêi òåîðåìè iñíóâàííÿ çîáðàæåííÿ âèãëÿäó (1).
ßê i â îäíîâèìiðíîìó âèïàäêó, ó âèïàäêó áiëüøèõ ðîçìiðíîñòåé çàäà÷à ïðî óçàãàëüíå-

íi ìîìåíòíi çîáðàæåííÿ ìîæå áóòè ñôîðìóëüîâàíà â òåðìiíàõ ëiíiéíèõ îïåðàòîðiâ. Òîäi
çîáðàæåííÿ âèãëÿäó (1) áóäå åêâiâàëåíòíèì çîáðàæåííþ

sk = 〈Ak1
1 A

k2
2 ...A

kd
d x0, y0〉, k ∈ Zd+,

äå Aj : X → X , j = 1, d, � ëiíiéíi îïåðàòîðè, ùî êîìóòóþòü ìiæ ñîáîþ.
ßêùî ïðîñòîðè X , Y � áàíàõîâi, áiëiíiéíà ôîðìà 〈·, ·〉 � ðîçäiëüíîíåïåðåðâíà, à îïåðà-

òîðè Aj, j = 1, d, � îáìåæåíi, òî ðÿä∑
k∈Zd+

skz
k =

∑
k∈Zd+

skz
k1
1 z

k2
2 ...z

kd
d

áóäå çáiæíèì â îêîëi ïî÷àòêó êîîðäèíàò äî àíàëiòè÷íî¨ ôóíêöi¨ f âiä d çìiííèõ âèãëÿäó

f(z) = 〈Rz1(A1)Rz2(A2)...Rzd(Ad)x0, y0〉.

Îòðèìàíî íàñòóïíèé ðåçóëüòàò.
Òåîðåìà. Äëÿ äîâiëüíî¨ ôóíêöi¨ f , àíàëiòè÷íî¨ â ïîëiêðóçi KR =KR1×KR2× ...×KRd,

0 < Rj < ∞, j = 1, d, i äîâiëüíîãî íåñêií÷åííîâèìiðíîãî ñåïàðàáåëüíîãî ãiëüáåðòîâîãî
ïðîñòîðó H iñíóþòü åëåìåíòè x0, y0 ∈ H òà ëiíiéíi îáìåæåíi îïåðàòîðè Aj : H → H,
ùî êîìóòóþòü ìiæ ñîáîþ, íîðìè ÿêèõ ‖Aj‖ < 1

Rj
, j = 1, d, i òàêi, ùî ∀z ∈ KR

f(z) = 〈Rz1(A1)Rz2(A2)...Rzd(Ad)x0, y0〉.

Öåé ðåçóëüòàò ïîøèðåíî òàêîæ íà êëàñ öiëèõ ôóíêöié, ïðè öüîìó îïåðàòîðèAj : H → H,
j = 1, d, ìàòèìóòü íóëüîâi ñïåêòðàëüíi ðàäióñè.

1. Äçÿäèê Â.Ê. Ïðî óçàãàëüíåííÿ ïðîáëåìè ìîìåíòiâ // Äîï. ÀÍ ÓÐÑÐ. � 1981. � � 6. �
Ñ. 8�12.

2. Ãîëóá À.Ï., ×åðíåöüêà Ë.Î. Áàãàòîâèìiðíi óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ òà àïðîêñè-
ìàöi¨ Ïàäå äëÿ ôóíêöié áàãàòüîõ çìiííèõ // Óêð. ìàò. æóðí. � 2014. � 66, � 9. � Ñ. 1166�
1174.
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Íåðiâíîñòi òèïó Áåðíøòåéíà�Íiêîëüñüêîãî äëÿ
òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ç äîâiëüíèì âèáîðîì

ãàðìîíiê
Ã.Ì. Âëàñèê

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
annawlasik@gmail.com

Íåõàé Lq, 1 ≤ q ≤ ∞, � ïðîñòið âèìiðíèõ 2π�ïåðiîäè÷íèõ ôóíêöié f çi ñòàíäàðòíîþ
íîðìîþ. Äëÿ ôóíêöi¨ f ∈ L1 ðîçãëÿíåìî ¨¨ ðÿä Ôóð'¹∑

k∈Z

f̂(k)eikx,

äå f̂(k) = 1
2π

∫ π
−π f(x)e−ikxdx � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f. Ñêðiçü íèæ÷å áóäåìî ââàæàòè,

ùî äëÿ f ∈ L1 âèêîíó¹òüñÿ óìîâà
∫ π
−π f(x)dx = 0.

Äàëi, íåõàé ψ(τ) 6= 0, τ ∈ N, � äîâiëüíà ôóíêöiÿ íàòóðàëüíîãî àðãóìåíòó, β � äîâiëüíå
ôiêñîâàíå äiéñíå ÷èñëî. ßêùî ðÿä

∑
k∈Z\{0}

f̂(k)

ψ(|k|)
ei(kx+β π

2
signk)

¹ ðÿäîì Ôóð'¹ äåÿêî¨ ñóìîâíî¨ ôóíêöi¨, òî íàñëiäóþ÷è Î. I. Ñòåïàíöÿ [1, ñ. 25], ¨¨ íàçâåìî
(ψ, β)�ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷èìî fψβ . Çàóâàæèìî, ùî ÿêùî ψ(|k|) = |k|−r, r > 0,
k ∈ Z \ {0}, òî (ψ, β)�ïîõiäíà ôóíêöi¨ f ñïiâïàäà¹ ç ¨¨ (r, β)�ïîõiäíîþ (ïîçíà÷åííÿ f rβ) â
ñåíñi Âåéëÿ�Íàäÿ.

Äëÿ ψ � äîäàòíèõ i íåçðîñòàþ÷èõ òà β ∈ R ïîêëàäåìî

Tm(ψ, β, q, p) = inf
Km

sup
t∈T (Km)

‖tψβ‖q
‖t‖p

, 1 ≤ p, q ≤ ∞,

äå T (Km) =

{
t : t(x) =

∑
j∈Km

cje
ijx

}
, à Km = {j1, ..., jm} � äîâiëüíèé íàáið iç m ðiçíèõ öiëèõ

÷èñåë.
Ïîçíà÷èìî ÷åðåç Ψ ìíîæèíó äîäàòíèõ i íåçðîñòàþ÷èõ ïîñëiäîâíîñòåé ψ(τ), τ ∈ N,

òàêèõ, ùî ψ(τ)
ψ(2τ)

≤ C, äå C � äåÿêà àáñîëþòíà ñòàëà.
Ñïðàâåäëèâå òâåðäæåííÿ.
Òåîðåìà. Íåõàé 1 < p < ∞, ψ(τ), τ ∈ N, � äîäàòíà i íåçðîñòàþ÷à ïîñëiäîâíiñòü,

β ∈ R. Òîäi ìà¹ ìiñöå ñïiââiäíîøåííÿ

Tm(ψ, β,∞, p)� ψ−1(m)m1/p∗ .

ßêùî æ ψ(τ) ∈ Ψ, τ ∈ N, i, êðiì òîãî, iñíó¹ òàêå ε > 0, ùî ïîñëiäîâíiñòü ψ(τ)τ ε íå
çðîñòà¹, òî

Tm(ψ, β,∞, p) � ψ−1(m)m1/p∗ ,

äå p∗ = max{2, p}.
1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèÿ ïåðèîäè÷åñêèõ ôóíêöié. � Êèåâ: Íàóêîâà

äóìêà, 1987. � 268 ñ.
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Íàáëèæåííÿ êëàñiâ ïåðiîäè÷íèõ ôóíêöié âèñîêî¨
ãëàäêîñòi ïîëiíîìàìè ñïåöiàëüíîãî âèäó

Â.À. Âîéòîâè÷
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â

viktorvjtovich@gmail.com

×åðåç Cψ

β
Hω ïîçíà÷èìî ìíîæèíó 2π�ïåðiîäè÷íèõ ôóíêöié

Cψ

β
Hω =

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x+ t)Ψ(t)dt, a0 ∈ R, ω(ϕ, t) ≤ ω(t), ϕ ⊥ 1

 ,

äå Ψ(t) =
∞∑
k=1

ψ(k) cos
(
kt+ βkπ

2

)
, ψ(k), βk ∈ R � äîâiëüíi ïîñëiäîâíîñòi äiéñíèõ ÷èñåë,

ω(ϕ; t) � ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ ϕ â ïðîñòîði C, à ω(t) � ôiêñîâàíèé ìîäóëü íåïå-
ðåðâíîñòi.

×åðåç D0 ïîçíà÷èìî ìíîæèíó ïîñëiäîâíîñòåé ψ(k) > 0, k ∈ N, äëÿ ÿêèõ âèêîíó¹òüñÿ
óìîâà lim

k→∞
ψ(k+1)
ψ(k)

= 0.

Íåõàé f � íåïåðåðâíà 2π�ïåðiîäè÷íà ôóíêöiÿ. Ðîçãëÿíåìî ðiâíîìiðíå ðîçáèòòÿ âiäðiçêà
[−π, π] ñèñòåìîþ òî÷îê xi = 2πi

N
, äå i = 0, 1, . . . , N − 1, äå N � äîâiëüíå íàòóðàëüíå ÷èñëî.

×åðåç TNn−1(f ;x) ïîçíà÷èìî òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó íå âèùå n − 1 ÿêèé,
ñåðåä óñiõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ Tn−1(x) ïîðÿäêó íå âèùå n − 1, ìiíiìiçó¹ ñóìó
N∑
i=1

|f(xi)− Tn−1(xi)|2 ïðè N ≥ 2n− 1.

Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî âiäøóêàííÿ àñèìïòîòè÷íèõ ðiâíîñòåé äëÿ âåëè÷èí

E(Cψ

β
Hω;TNn−1;x) = sup

f∈Cψ
β,s

|f(x)− TNn−1(f ;x)|,

êîëè ψ ∈ D0, β ∈ R.
Òåîðåìà. Íåõàé ψ ∈ D0, βk ∈ R, k ∈ N, n,N ∈ N, N > 2n − 1 i ω(t) � äîâiëüíèé

ìîäóëü íåïåðåðâíîñòi. Òîäi äëÿ äîâiëüíîãî x ∈ R ïðè n→∞ âèêîíóþòüñÿ ðiâíîñòi

E(Cψ

β
Hω;TNn−1;x) =

2θω
π
ψ(n)

π
2∫

0

ω

(
2t

n

)
sin tdt+O(1)ω

(
1

n

) ∞∑
k=n+1

ψ(k),

äå O(1) � âåëè÷èíà ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.
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Óìîâè çáiæíîñòi ðÿäiâ Ôàáåðà âñåðåäèíi îáëàñòi
Ì.Â. Ãà¹âñüêèé1, Í.Ì. Çàäåðåé2

1Êiðîâîãðàäñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò
iìåíi Âîëîäèìèðà Âèííè÷åíêà, ì. Êðîïèâíèöüêèé

2Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI iìåíi Iãîðÿ Ñiêîðñüêîãî" , ì. Êè¨â
mgaevskij@gmail.com

Íåõàé G � îäíîçâ'ÿçíà îáëàñòü â êîìïëåêñíié ïëîùèíi C, ìåæåþ ÿêî¨ ¹ çàìêíåíà æîð-
äàíîâà êðèâà Γ. Âíàñëiäîê òåîðåìè Ðiìàíà iñíó¹ ¹äèíå âiäîáðàæåííÿ w = Φ(z), ùî êîí-
ôîðìíî òà îäíîëèñòíî âiäîáðàæà¹ çîâíiøíiñòü îáëàñòi G íà çîâíiøíiñòü îäèíè÷íîãî êðóãà
D = {w ∈ C : |w| < 1} ïðè óìîâàõ Φ(∞) = ∞,Φ′(z) = γ > 0. Îáåðíåíå äî w = Φ(z) âiä-
îáðàæåííÿ ïîçíà÷èìî z = Ψ(w), à ìíîãî÷ëåíè Ôàáåðà äëÿ îáëàñòi Ω áóäåìî ïîçíà÷àòè
÷åðåç Fν(z), ν = 0, 1, 2, . . . [1].

Äëÿ îáëàñòi G ñèñòåìó ïîëiíîìiâ Ôàáåðà ìîæíà îçíà÷èòè ÿê êîåôiöiåíòè ðîçêëàäó ó
ðÿä Ëîðàíà â îêîëi òî÷êè w =∞ ôóíêöi¨ K(z, w) = Ψ′(w)

Ψ(w)−z =
∑∞

k=0
Fn(z)
wk+1 , z ∈ G.

Íåõàé, äàëi, H∞(G) � ìíîæèíà àíàëiòè÷íèõ â îáëàñòi G ôóíêöié f ç íîð-
ìîþ ‖f‖∞= supz∈G |f(z)|, ÷åðåç L∞(Γ) òà L(Γ) ïîçíà÷èìî ïðîñòîðè âiäïîâiäíî
iñòîòíî îáìåæåíèõ òà ñóìîâíèõ íà Γ ôóíêöié iç íîðìàìè ‖f‖L∞(Γ) = ess supz∈Γ |f(z)| òà
‖f‖L(Γ)=

1
|Γ|

∫
Γ
|f(z)||dz|, äå |Γ| � äîâæèíà êðèâî¨ Γ.

Êîåôiöiåíòè Ôàáåðà ôóíêöi¨ f ∈ H∞(G) îá÷èñëþþòüñÿ çà ôîðìóëàìè

aν(f) = aν =
1

2πi

∫
|w|=1

f(Ψ(w))

wn+1
dw =

1

2πi

∫
Γ

f(ζ)Φ′(ζ)

Φn+1(ζ)
dζ,

äå Φ′(z) ìà¹ ìàéæå ñêðiçü íà Γ êóòîâi ãðàíè÷íi çíà÷åííÿ, ÿêi óòâîðþþòü ôóíêöiþ, iíòå-
ãðîâíó íà Γ, à ðÿä

∑∞
ν=0 aνFν(z) ¹ ðÿäîì Ôàáåðà ôóíêöi¨ f ∈ H∞(G).

Íà ìíîæèíi ôóíêöié f ∈ H∞(D) çàäàìî îïåðàòîð Ôàáåðà TG, ùî äi¹ çà ïðàâèëîì

TG(f)(z) =
1

2πi

∫
T
f(w)

Ψ′(w)

Ψ(w)− z
dw, z ∈ G, T = {w ∈ C : |w| = 1}.

Îáëàñòü G íàçèâàþòü îáëàñòþ Ôàáåðà [2], ÿêùî äëÿ íîðìè îïåðàòîðà âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ: ‖TG‖ = sup

f∈H∞(D), ‖f‖∞≤1

‖TG(f)(z)‖ <∞.

Ðîçãëÿíåìî â îáëàñòi G iíòåãðàë òèïó Êîøi Kf(z) = 1
2πi

∫
Γ
f(ζ)
ζ−z dζ, z ∈ G iç ùiëüíiñòþ

f ∈ L∞(Γ). Ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ, ùî äîïîâíþ¹ òåîðåìó 1 (äèâ. [1, ñ. 108]):
Òåîðåìà. ßêùî G � ôàáåðîâà îáëàñòü, ùî îáìåæåíà ñïðÿìëþâàíîþ æîðäàíîâîþ

êðèâîþ Γ, f ∈ L∞(Γ) òà K(z, w) = Ψ′(w)
Ψ(w)−z ∈ L(T) äëÿ z ∈ G, à òàêîæ äëÿ äîâiëüíîãî

n ∈ N
∑n

k=1 ak = o(n), äå ak = 1
2πi

∫
|w|=1

f(Ψ(w))
wk+1 dw, òîäi ôóíêöiþ Kf(z) ìîæíà ðîçêëàñòè

â ðÿä Ôàáåðà, ùî ðiâíîìiðíî çáiæíèé â îáëàñòi G.
1. Ñóåòèí Ï.Ê. Ðÿäû ïî ìíîãî÷ëåíàì Ôàáåðà. � Ìîñêâà: Íàóêà, 1984. � 336 ñ.
2. Ñàâ÷óê Â.Â. Îáëàñòi Ôàáåðà i çàäà÷à Î. I. Ñòåïàíöÿ // Òåîðiÿ íàáëèæåííÿ òà ñóìiæíi

ïèòàííÿ: Ïðàöi Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � 2002. � 35. � Ñ. 151-163.
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Íåÿâíå ëiíiéíå ðiçíèöåâå ðiâíÿííÿ 1-ãî ïîðÿäêó: âiä
öiëèõ ð-àäè÷íèõ ÷èñåë äî iíäóêòèâíèõ ãðàíèöü

ïðîñòîðiâ Ôðåøå
Ñåðãié Ãåôòåð, Àííà Ãîí÷àðóê, Îëåêñié Ïiâåíü

Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â.Í. Êàðàçiíà, ì. Õàðêiâ
gefter@karazin.ua

Íåõàé A � íåïåðåðâíèé ëiíiéíèé îïåðàòîð, ùî äi¹ ó òîïîëîãi÷íîìó âåêòîðíîìó ïðîñòî-
ði. Âèâ÷à¹òüñÿ íàñòóïíå íåÿâíå ëiíiéíå íåîäíîðiäíå ðiçíèöåâå ðiâíÿíííÿ

Axn+1 + gn = xn, n = 0, 1, 2, . . .

Ðîçãëÿäà¹òüñÿ äåêiëüêà ñèòóàöié, êîëè öå ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê âèãëÿäó

xn =
∞∑
k=0

Akgn+k, n = 0, 1, 2, . . .
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ÇÀÄÀ×À ÍÀÉÊÐÀÙÎ� Ó ÐÎÇÓÌIÍÍI ÇÂÀÆÅÍÎ�
ÕÀÓÑÄÎÐÔÎÂÎ� ÂIÄÑÒÀÍI ÐIÂÍÎÌIÐÍÎ�

ÀÏÐÎÊÑÈÌÀÖI� Ó ÌÍÎÆÈÍI ÍÅÏÅÐÅÐÂÍÈÕ
ÂIÄÎÁÐÀÆÅÍÜ Ç ÊÎÌÏÀÊÒÍÈÌÈ ÎÏÓÊËÈÌÈ

ÎÁÐÀÇÀÌÈ
Â.Î. Ãíàòþê, Ó.Â. Ãóäèìà

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà,
ì. Êàì'ÿíåöü-Ïîäiëüñüêèé

g-ul@yandex.ru
Íåõàé S � êîìïàêò, X � ëiíiéíèé íàä ïîëåì êîìïëåêñíèõ (äiéñíèõ) ÷èñåë íîðìîâàíèé

ïðîñòið, K0 (X) � ñóêóïíiñòü íåïîðîæíiõ îïóêëèõ êîìïàêòiâ ïðîñòîðó X,

H (A,B) = max

{
max
x∈A

min
y∈B
‖x− y‖ ,max

y∈B
min
x∈A
‖x− y‖

}
� õàóñäîðôîâà âiäñòàíü ìiæ ìíîæèíàìè A, B iç K0 (X), C (S,K0 (X))� ìíîæèíà íåïåðåðâ-
íèõ íà S âiäíîñíî ìåòðèêè Õàóñäîðôà íà K0 (X) áàãàòîçíà÷íèõ âiäîáðàæåíü S â K0 (X),
ω � äîäàòíà íåïåðåðâíà íà S ôóíêöiÿ (âàãîâà ôóíêöiÿ).

Çàäà÷åþ íàéêðàùî¨ ó ðîçóìiííi çâàæåíî¨ õàóñäîðôîâî¨ âiäñòàíi ðiâíîìiðíî¨ àïðîêñèìà-
öi¨ âiäîáðàæåííÿ a ∈ C (S,Ko (X)) ìíîæèíîþ V ⊂ C (S,K0 (X)) áóäåìî íàçèâàòè çàäà÷ó
âiäøóêàííÿ âåëè÷èíè

α∗ω (a, V ) = inf
g∈V

max
s∈S

(ω (s)H (g (s) , a (s))) . (1)

ßêùî iñíó¹ åëåìåíò g∗ ∈ V òàêèé, ùî

α∗ω (a, V ) = max
s∈S

(ω (s)H (g∗ (s) , a (s))) ,

òî éîãî áóäåìî íàçèâàòè åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1).
Ó ðîáîòi âñòàíîâëåíî íåîáõiäíi, äîñòàòíi óìîâè i êðèòåði¨ åêñòðåìàëüíîñòi åëåìåíòà äëÿ

âåëè÷èíè (1). Îòðèìàíî íèçêó äîïîìiæíèõ ðåçóëüòàòiâ, ÿêi òàêîæ ñòàíîâëÿòü ñàìîñòiéíèé
iíòåðåñ. Çîêðåìà, äîâåäåíî òàêå òâåðäæåííÿ.

Òåîðåìà. Íåõàé g∗ ∈ V i V ¹ Γ∗�ìíîæèíîþ âiäíîñíî òî÷êè g∗ (çîêðåìà çiðêîâîþ âiä-
íîñíî g∗ àáî îïóêëîþ ìíîæèíîþ). Äëÿ òîãî ùîá åëåìåíò g∗ áóâ åêñòðåìàëüíèì åëåìåí-
òîì äëÿ âåëè÷èíè (1), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî g ∈ V iñíóâàëè åëåìåíòè
sg ∈ S, fg ∈ B∗ , äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

max
s∈S

(ω (s)H (g∗ (s) , a (s))) = ω (sg)H (g∗ (sg) , a (sg)) =

= ω (sg) max
f∈B∗

∣∣∣∣ max
x∈g∗(sg)

Ref (x)− max
y∈a(sg)

Ref (y)

∣∣∣∣ =

= ω (sg)

∣∣∣∣ max
x∈g∗(sg)

Refg (x)− max
y∈a(sg)

Refg (y)

∣∣∣∣ ,
sign

(
max

x∈g∗(sg)
Refg (x)− max

y∈a(sg)
Refg (y)

)(
max
x∈g(sg)

Refg (x)− max
y∈g∗(sg)

Refg (y)

)
≥ 0,

äå B∗ = {f : f ∈ X∗, ‖f‖ ≤ 1}.
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Íàáëèæåííÿ ôóíêöié ç êëàñiâ W r
βH

α

iíòåãðàëàìè Âåé¹ðøòðàññà
Ó.Ç. Ãðàáîâà, I. Â. Êàëü÷óê, Ò.À. Ñòåïàíþê

Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà ïðèðîäîêîðèñòóâàííÿ, ì. Ðiâíå
Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, ì. Ëóöüê

grabova−u@ukr.net

Íåõàé L � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà ïåðiîäi ôóíêöié, â ÿêîìó íîðìà çà-

äà¹òüñÿ çà äîïîìîãîþ ðiâíîñòi ‖f‖L =
π∫
−π
|f(t)|dt; C � ïðîñòið 2π-ïåðiîäè÷íèõ íåïåðåðâ-

íèõ ôóíêöié ç íîðìîþ ‖f‖C = max
t
|f(t)|. Ðîçãëÿäà¹òüñÿ êëàñ W r

βH
α, r > 0, β ∈ R, �

(r, β)�äèôåðåíöiéîâíèõ ôóíêöié f â ðîçóìiííi Âåéëÿ�Íàäÿ, òàêèõ, ùî ¨õ (r, β)�ïîõiäíi f rβ
çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ ïîðÿäêó α, òîáòî

|f rβ(x+ h)− f rβ(x)| ≤ |h|α, 0 < α ≤ 1, 0 ≤ h ≤ 2π, x ∈ R.

Íåõàé f ∈ L. Âåëè÷èíó Wδ(f ;x) := 1
π

π∫
−π
f(t+x)

{
1
2

+
∞∑
k=1

e−
k2

δ cos kt
}
dt, δ > 0 íàçèâàþòü

iíòåãðàëîì Âåé¹ðøòðàññà ôóíêöi¨ f (äèâ., íàïðèêëàä, [1]).
Äàíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ àñèìïòîòè÷íî¨ ïîâåäiíêè ïðè δ →∞ âåëè÷èíè

E(W r
βH

α;Wδ)C = sup
f∈W r

βH
α

‖f(x)−Wδ(f ;x)‖C .

Çãiäíî ç Î. I. Ñòåïàíöåì [2, ñ. 198] çàäà÷ó ïðî âiäøóêàííÿ àñèìïòîòè÷íèõ ðiâíîñòåé äëÿ äà-
íî¨ âåëè÷èíè íàçèâàòèìåìî çàäà÷åþ Êîëìîãîðîâà�Íiêîëüñüêîãî äëÿ ìåòîäó Âåé¹ðøòðàññà
íà êëàñi W r

βH
α â ðiâíîìiðíié ìåòðèöi.

Òåîðåìà. Íåõàé r > 0, 0 ≤ α < 1, r + α ≤ 2 i β ∈ R. Òîäi ïðè δ → ∞ ìà¹ ìiñöå
ñïiââiäíîøåííÿ

E(W r
βH

α;Wδ)C =
γ(α)

δ
r+α

2

A(α, τ) +O

(
1

δ
1+r

2

+
1

δ

)
,

2α−1 ≤ γ(α) ≤ 1,

äå âåëè÷èíà A(α, τ) îçíà÷åíà ñïiââiäíîøåííÿì

A(α, τ) = A(α, β, τ) :=
1

π

∞∫
−∞

|t|α
∣∣∣∣∣
∞∫

0

τ(u) cos
(
ut+

βπ

2

)
du

∣∣∣∣∣ dt
i äëÿ íå¨ ñïðàâåäëèâà îöiíêà

A(α, τ) =

{
O(1), r + α < 2,
O(ln δ), r + α = 2.

1. Êàëü÷óê I. Â., Õàðêåâè÷ Þ. I. Íàáëèæåííÿ (ψ, β)-äèôåðåíöiéîâíèõ ôóíêöié iíòåãðàëàìè
Âåé¹ðøòðàññà // Óêð. ìàò. æóðí. � 2007. � 59, � 7. � Ñ. 953�978.

2. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. � Êèåâ: Èí�ò ìàòåìàòèêè ÍÀÍ Óêðàè-
íû, 2002. � ×.1. � 427 ñ. (Òðóäû Èí�òà ìàòåìàòèêè ÍÀÍ Óêðàèíû; T. 40).
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Çàäà÷à íàéêðàùîãî ðiâíîìiðíîãî âiäíîâëåííÿ
ôóíêöiîíàëüíî¨ çàëåæíîñòi, çàäàíî¨ íåòî÷íî,

ìíîæèíîþ íåïåðåðâíèõ îäíîçíà÷íèõ âiäîáðàæåíü
ç äîäàòêîâèì îáìåæåííÿì, ùî çàäà¹òüñÿ

ñèñòåìîþ çàìêíåíèõ êóëü
Ó.Â. Ãóäèìà

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà,
ì. Êàì'ÿíåöü-Ïîäiëüñüêèé

g-ul@yandex.ru
Íåõàé S � êîìïàêò, X � ëiíiéíèé íàä ïîëåì êîìïëåêñíèõ (äiéñíèõ) ÷èñåë íîðìîâà-

íèé ïðîñòið, X∗ � ïðîñòið, ñïðÿæåíèé ç X, C (S,X) � ëiíiéíèé íàä ïîëåì äiéñíèõ ÷è-
ñåë ïðîñòið îäíîçíà÷íèõ âiäîáðàæåíü g êîìïàêòà S â X, íåïåðåðâíèõ íà S, ç íîðìîþ
‖g‖= max

s∈S
‖g (s)‖ , K (X) � ñóêóïíiñòü âñiõ íåïîðîæíiõ êîìïàêòiâ ïðîñòîðó X, C (S,K (X))

� ìíîæèíà íåïåðåðâíèõ íà S âiäíîñíî ìåòðèêè Õàóñäîðôà íà K (X) áàãàòîçíà÷íèõ âiä-
îáðàæåíü S â K(X), ω� äîäàòíà íåïåðåðâíà íà S ôóíêöiÿ (âàãîâà ôóíêöiÿ),V ⊆ C(S,X),
u ∈ C(S,X), r ∈ C(S,R), r(s) > 0, s ∈ S,D = {g : g ∈ C (S,X) , ‖g (s)− u (s)‖ ≤ r (s) , s ∈ S} ,
iñíó¹ åëåìåíò g0 ∈ V, äëÿ ÿêîãî ‖g0 (s)− u (s)‖ < r (s) äëÿ âñiõ s ∈ S.

Çàäà÷åþ íàéêðàùîãî ó ðîçóìiííi çâàæåíî¨ õàóñäîðôîâî¨ âiäñòàíi ðiâíîìiðíîãî âiä-
íîâëåííÿ ôóíêöiîíàëüíî¨ çàëåæíîñòi, çàäàíî¨ íåòî÷íî çà äîïîìîãîþ âiäîáðàæåííÿ a ∈
C (S,K (X)), åëåìåíòàìè g ìíîæèíè V , ÿêi çàäîâîëüíÿþòü äîäàòêîâîìó îáìåæåííþ g ∈ D,
áóäåìî íàçèâàòè çàäà÷ó âiäøóêàííÿ âåëè÷èíè

α∗ω (a, V ∩D) = inf
g∈V ∩D

max
s∈S

(
ω (s) max

y∈a(s)
‖g (s)− a (s)‖

)
. (1)

ßêùî iñíó¹ åëåìåíò g∗ ∈ V
⋂
D òàêèé, ùî

α∗ω (a, V ∩D) = max
s∈S

(
ω (s) max

y∈a(s)
‖g∗ (s)− a (s)‖

)
,

òî éîãî áóäåìî íàçèâàòè åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1).
Âñòàíîâëåíî íåîáõiäíi, äîñòàòíi óìîâè i êðèòåði¨ åêñòðåìàëüíîñòi åëåìåíòà äëÿ âåëè-

÷èíè (1); îòðèìàíi ðåçóëüòàòè êîíêðåòèçîâàíî íà âèïàäîê, êîëè V ¹ ÷åáèøîâñüêèì ïiä-
ïðîñòîðîì; óçàãàëüíåíî íà âèïàäîê çàäà÷i âiäøóêàííÿ âåëè÷èíè (1) òåîðåìó ×åáèøîâà
ïðî àëüòåðíàíc. Çîêðåìà, äîâåäåíî òàêå òâåðäæåííÿ.

Òåîðåìà. Íåõàé V ¹ îïóêëîþ ìíîæèíîþ. Äëÿ òîãî ùîá åëåìåíò g∗ ∈ V
⋂
D áóâ

åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî
åëåìåíòà g ∈ V iñíóâàëè åëåìåíòè sg ∈ S, yg ∈ a (sg) , fg ∈ E (B∗) , äëÿ ÿêèõ âèêîíóþòüñÿ
óìîâè

max
s∈S

(
ω (s) max

y∈a(s)
‖g∗ (s)− y‖

)
= ω (sg) fg (g∗ (sg)− yg) ,

Refg (g (sg)− g∗ (sg)) ≥ 0,

àáî iñíóâàëè åëåìåíòè s′g ∈ S, f ′g ∈ E (B∗) òàêi, ùî

‖g∗ (s′g)− u (s′g)‖ = f ′g (g∗ (s′g)− u (s′g)) = r (s′g) ,

Ref ′g (g (s′g)− g∗ (s′g)) ≥ 0,

äå B∗ = {f : f ∈ X∗, ‖f‖ ≤ 1}, E (B∗) � ìíîæèíà êðàéíiõ òî÷îê B∗.
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Ïðî îïòèìàëüíå âiäíîâëåííÿ n-ëiíiéíèõ
ôóíêöiîíàëiâ çà ëèíiéíîþ iíôîðìàöi¹þ

Ì.Ñ. Ãóíüêî, Î.Î. Ðóäåíêî
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

mgunko@yandex.ua, aa-rudenko@yandex.ua
Áóäåìî âèâ÷àòè çàäà÷ó îïòèìiçàöi¨ íàáëèæåíîãî îá÷èñëåííÿ n-ëiíiéíèõ ôóíêöiîíàëiâ

ó íàñòóïíié ïîñòàíîâöi. Íåõàé X � ëiíiéíèé íîðìîâàíèé ïðîñòið íàä ïîëåì C êîìïëåêñíèõ
÷èñåë,M1, ...,Mn ⊂ X öåíòðàëüíî-ñèììåòðè÷íi ìíîæèíè. Ïðèïóñòèìî, ùî íà äåêàðòîâîìó
äîáóòêó ëiíiéíèõ îáîëîíîê span(Mj) ìíîæèí Mj çàäàíî n-ëiíiéíèé ôóíêöiîíàë

Ω :
n∏
j=1

span(Mj)→ C

i äëÿ êîæíîãî j = 1, ..., n íà ìíîæèíi span(Mj) çàäàíî íàáið Tj = (Tj,1, ..., Tj,mj) ëiíiéíèõ
íåïåðåðâíèõ ôóíêöiîíàëiâ Tj,l : span(Mj) → C, j = 1, ..., n, l = 1, ...,mj. Âåêòîðè Tj(xj) =
(Tj,1(xj), ..., Tj,mj(xj)), xj ∈Mj, j = 1, ..., n áóäåìî íàçèâàòè ëiíiéíîþ iíôîðìàöi¹þ ïðî x1,
x2,..., xn òèïó (m1, ...,mn) (àáî (m1, ...,mn)-iíôîðìàöi¹þ). Äîâiëüíó ÷èñëîâó ôóíêöiþ F âiä
m1+...+mn çìiííèõ áóäåìî íàçèâàòè ìåòîäîì âiäíîâëåííÿ ôóíêöiîíàëà Ω çà iíôîðìàöi¹þ
T1(x1), ..., Tn(xn). Ïîêëàäåìî

Rm1,...,mn(W g1 , ...,W gn) = inf
T1,...,Tn

inf
F

sup
x1∈W g1 ,...,xn∈W gn

|Ω(x1, ..., xn)− F (T1(x1), ..., Tn(xn))|.

Âåëè÷èíà Rm1,...,mn(W g1 , ...,W gn) � öå ïîõèáêà îïòèìàëüíîãî ìåòîäó âiäíîâëåííÿ ôóíêöiî-
íàëà Ω íà êëàñàõ W g1 , ...,W gn çà îïòèìàëüíîþ (m1, ...,mn)-iíôîðìàöi¹þ.

Îäèí ç îñíîâíèõ ðåçóëüòàòiâ ðîáîòè ìiñòèòüñÿ â íàñòóïíié òåîðåìi.
Òåîðåìà 1. Íåõàé çàäàíî n-ëiíiéíèé ôóíêöiîíàë Ω, Q = 1, 2, ..., n, N=N(Vu, Q)−1∈N,

u ∈ N. Íåõàé òàêîæ pj ≥ 1 òà
n∑
j=1

1
pj

= 1, òîäi

Rm1,...,mn(W g1

p1
, ...,W gn

pn ) = max
(qj(1),qj(2),...,qj(n))/∈Vu

|f(eqj(1), eqj(2), ..., eqj(n))|
n∏
s=1

|gsqj(s)|
1/ps

=

=
|f(equ+1(1), equ+1(2), ..., equ+1(n))|

n∏
s=1

|gsqu+1(s)|1/ps
.

Ïðè öüîìó iíôîðìàöiÿ ïðî åëåìåíòè xj ∈ W gj

pj
, j = 1, ..., n âèäó

T̃j(xj) = ((xj, eq1(j)), ..., (xj, equ(j))) = (x̂j,q1(j), ..., x̂j,qu(j))

i ìåòîä

F̃ (x̂1,q1(1), ..., x̂1,qu(1), ..., x̂n,q1(n)..., x̂n,qu(n)) =
u∑
k=1

|f(eqk(1), eqk(2), ..., eqk(n))| x̂qk(1)...x̂qk(n)

¨¨ âèêîðèñòàííÿ áóäóòü îïòèìàëüíèìè.
Àâòîðè äÿêóþòü Â.Ô. Áàáåíêó çà ïîñòàíîâêó çàäà÷, áåçïîñåðåäíþ ó÷àñòü â îòðèìàííi

ðåçóëüòàòiâ òà ïîñòiéíó ïiäòðèìêó.

1. Áàáåíêî Â.Ô. Î ïðèáëèæåííîì âû÷èñëåíèè ñêàëÿðíûõ ïðîèçâåäåíèé // Óêð. ìàò. æóðí.
� 1988. � 40, � 1. � C. 15�21.
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Çàäà÷à ïðî òiíü äëÿ ñiì'¨ êóëü ñòàëîãî ðàäióñà
Õàéäæàà Äàêõië

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ò. Ã. Øåâ÷åíêà, ì. Êè¨â
moonm5385@gmail.com

Ðîçãëÿíåìî â òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði R3 çàäà÷ó ïðî òiíü äëÿ êóëü îäíà-
êîâîãî ðàäióñà.

Çàäà÷à. ßêå ìiíiìàëüíå ÷èñëî ïîïàðíî íåïåðåòèííèõ çàìêíóòèõ (âiäêðèòèõ) êóëü
îäíàêîâîãî ðàäióñà â òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði R3 íåîáõiäíî é äîñòàòíüî, ùîá
äîâiëüíà ïðÿìà, ùî ïðîõîäèòü ÷åðåç ôiêñîâàíó òî÷êó ïðîñòîðó, ïåðåòèíàëà õî÷à á îäíó ç
öèõ êóëü?

Òåîðåìà 1. Äîâiëüíèé íàáið iç òðüîõ ïîïàðíî íåïåðåòèííèõ âiäêðèòèõ êóëü îäíàêî-
âîãî ðàäióñà â ïðîñòîði R3 óòâîðþ¹ ñëàáêî 1-îïóêëó ìíîæèíó.

Òåîðåìà 2. Äîâiëüíèé íàáið iç òðüîõ ïîïàðíî íåïåðåòèííèõ âiäêðèòèõ êóëü îäíàêî-
âîãî ðàäióñà â ïðîñòîði R3 óòâîðþ¹ 1-îïóêëó ìíîæèíó.

Òåîðåìà 3. ×îòèðè ïîïàðíî íåïåðåòèííi çàìêíóòi (âiäêðèòi) êóëi îäíàêîâîãî ðàäióñà
â ïðîñòîði R3 íåîáõiäíî i äîñòàòíüî äëÿ ñòâîðåííÿ òiíi â ôiêñîâàíié òî÷öi.

Òåîðåìà 4. Äëÿ òîãî, ùîá òî÷êà â òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði íàëåæàëà
1-ïiâîïóêëié îáîëîíöi ñiì'¨ âiäêðèòèõ (çàìêíóòèõ) êóëü îäíàêîâîãî ðàäióñà äîñòàòíüî
âîñüìè êóëü.

Ïèòàííÿ ìiíiìàëüíîñòi çíàéäåíî¨ êiëüêîñòi êóëü çàëèøà¹òüñÿ âiäêðèòèì.

1. Çåëèíñêèé Þ.Á., Âûãîâñêàÿ È.Þ., Ñòåôàí÷óê Ì.Â. Îáîáùåííî âûïóêëûå ìíîæåñòâà è
çàäà÷à î òåíè // Óêð. ìàò. æóðí. � 2015. � 67, � 12. � Ñ. 1659�1666.

2. Çåëèíñêèé Þ.Á., Ñòåôàí÷óê Ì.Â. Óçàãàëüíåííÿ çàäà÷i ïðî òiíü // Óêð. ìàò. æóðí. � 2016.
� 68, � 6. � Ñ. 657�662.

3. Çåëèíñêèé Þ.Á. Îáîáùåííî âûïóêëûå îáîëî÷êè ìíîæåñòâ è çàäà÷à î òåíè // Óêð. ìàò.
âiñíèê. � 2015. � 12, � 2. � C. 278�289.

4. Çåëèíñêèé Þ.Á., Äàêõèë Õ.Ê. Çàäà÷à î òåíè äëÿ øàðîâ ôèêñèðîâàííîãî ðàäèóñà // Óêð.
ìàò. âiñíèê. � 2016. � 13, � 4. � C. 599�603.

55



Ïðî ïðè¹äíàíèé áàãàòîâèìiðíèé äðiá ç
íåðiâíîçíà÷íèìè çìiííèìè

Ðîìàí Äìèòðèøèí
Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà, ì. Iâàíî-Ôðàíêiâñüê

dmytryshynr@hotmail.com

Ðîçãëÿäà¹òüñÿ ïðè¹äíàíèé áàãàòîâèìiðíèé äðiá ç íåðiâíîçíà÷íèìè çìiííèìè

1 +
N∑
i1=1

ai(1)zi1
1 + bi(1)zi1 +

i1∑
i2=1

(−1)δi1,i2ai(2)zi1zi2
1 + bi(2)zi2 +

i1∑
i3=1

(−1)δi2,i3ai(3)zi2zi3
1 + bi(3)zi3 +

. . . , (1)

äå ai(k), bi(k), i(k) ∈ Ik, k ≥ 1, � êîìïëåêñíi ÷èñëà,

Ik = {i(k) : i(k) = i1, i2, . . . , ik, 1 ≤ ip ≤ ip−1, 1 ≤ p ≤ k, i0 = N},

ai(k) 6= 0 äëÿ âñiõ i(k) ∈ Ik, k ≥ 1, δi,j � ñèìâîë Êðîíåêåðà, z = (z1, z2, . . . , zN) ∈ CN .
Äîâåäåíî iñíóâàííÿ ¹äèíîãî ôîðìàëüíîãî êðàòíîãî ñòåïåíåâîãî ðÿäó

L(z) =
∑

|m(N)|≥0

cm(N)z
m(N), (2)

äå cm(N), m(N) ∈MN , � êîìïëåêñíi ÷èñëà,

MN = {m(N) : m(N) = m1,m2, . . . ,mN , mp ∈ Z+, 1 ≤ p ≤ N},

|m(N)| = m1 + m2 + · · · + mN , 0(N) = 0, 0, . . . , 0, c0(N) = 1, zm(N) = zm1
1 zm2

2 · . . . · zmNN ,
z ∈ CN , âiäïîâiäíîãî ïðè¹äíàíîìó áàãàòîâèìiðíîìó äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè
(1) i âñòàíîâëåíî, ùî ïîðÿäîê âiäïîâiäíîñòi éîãî n-ãî ïiäõiäíîãî äðîáó ðiâíèé 2n + 1.
Ïîáóäîâàíî àëãîðèòì ðîçâèíåííÿ çàäàíîãî ðÿäó (2) ó âiäïîâiäíèé äðiá (1) i âñòàíîâëåíî
íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ òàêîãî àëãîðèòìó. Êðiì òîãî, äîñëiäæåíî çâ'ÿçîê
ìiæ ïðè¹äíàíèì áàãàòîâèìiðíèì äðîáîì ç íåðiâíîçíà÷íèìè çìiííèìè (1) i áàãàòîâèìiðíèì
J -äðîáîì ç íåðiâíîçíà÷íèìè çìiííèìè

N∑
i1=1

ai(1)

bi(1) + ξi1 +

i1∑
i2=1

(−1)δi1,i2ai(2)

bi(2) + ξi2 +

i2∑
i3=1

(−1)δi2,i3ai(3)

bi(3) + ξi3 +
. . . , (3)

äå ai(k), bi(k), i(k) ∈ Ik, k ≥ 1, � êîìïëåêñíi ÷èñëà, ïðè÷îìó ai(k) 6= 0, i(k) ∈ Ik, k ≥ 1,
ξ = (ξ1, ξ2, . . . , ξN) ∈ CN , i, ÿê ðåçóëüòàò, äîâåäåíî âiäïîâiäíiñòü äðîáó (3) äî ôîðìàëüíîãî
êðàòíîãî ñòåïåíåâîãî ðÿäó

L∗(ξ) =
∑

|m(N)|≥0

cm(N)

ξm(N)
,

äå cm(N) ∈ C, m(N) ∈ MN , ξ ∈ CN . Äîñëiäæåíî çáiæíiñòü ïðè¹äíàíîãî áàãàòîâèìiðíî-
ãî äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè (1) òà áàãàòîâèìiðíîãî J -äðîáó ç íåðiâíîçíà÷íèìè
çìiííèìè (3) â äåÿêèõ îáëàñòÿõ ïðîñòîðó CN .
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Íåðiâíiñòü Ëåáåãà äëÿ ψ�äèôåðåíöiéîâíèõ ôóíêöié
ç êëàñiâ Õàðäi

Ï.Â. Çàäåðåé1, Â. I. Áîäðà1, Â. Â. Áîâñóíîâñüêà2

1Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, ì. Êè¨â
2 Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI iìåíi Iãîðÿ Ñiêîðñüêîãî" , ì. Êè¨â

Bodrayaviktoriya@gmail.com

Ïîçíà÷èìî D2 = {z = (z1, z2) : zi ∈C, |zi| < 1, i = 1, 2}, T2 = {z = (z1, z2) : zi∈C, |zi|=1,
i=1, 2}. Íåõàé f(z) = f(z1, z2) � ãîëîìîðôíà â D2 ôóíêöiÿ, çàäàíà îäíîðiäíèì ðîçêëàäîì
â ðÿä Òåéëîðà âèäó

f(z) =
∞∑
k=0

ck
∑

l1+l2=k

zl11 z
l2
2 , Sn(f ; z) =

n∑
k=0

ck
∑

l1+l2=k

zl11 z
l2
2 ,

ÿêà íàëåæèòü êëàñó Õàðäi H1(D2), òîáòî

||f ||1 = sup
0≤r<1

1

4π2

∫
T 2

|f(reit1 , reit2)|dt1dt2 <∞.

Íåõàé òàêîæ ψ = ψ(k), ψ(0) = 1, ψ(k) 6= 0 ∀k ∈ N, � äîâiëüíà ïîñëiäîâíiñòü êîìïëåê-
ñíèõ ÷èñåë. ßêùî ðÿä

∞∑
k=1

ck
ψ(k)

∑
l1+l2=k

zl11 z
l2
2

¹ ðÿäîì Òåéëîðà äåÿêî¨ ôóíêöi¨ g ∈ H1(D2), òî íàñëiäóþ÷è Î. I. Ñòåïàíöÿ, áóäåìî íàçèâàòè
¨¨ ψ�ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷àòè g = fψ(·, ·), à ìíîæèíó òàêèõ ôóíêöié f(z) ïîçíà÷èìî
Hψ

∆(D2).
Òåîðåìà. ßêùî

lim
k→∞

ψ(k) = 0,
∞∑
k=1

k|∆2ψ(k)| <∞,∆2ψ(k) = ψ(k − 1)− 2ψ(k) + ψ(k + 1),
∞∑
k=1

|ψ(k)|
k

<∞,

òî ∀f ∈ Hψ
∆(D2) ñïðàâåäëèâà íåðiâíiñòü

||f(z)− Sn(f ; z)||C ≤

(
n∑
k=1

|ψ(n+ k)|
k

K′k(ψ) +
∞∑

k=2n+1

|ψ(k)|
k
K′′k(ψ)

)
En(fψ)C ,

äå En(fψ)C � íàéêðàùå íàáëèæåííÿ ôóíêöi¨ fψ ìíîãî÷ëåíàìè âèäó
n∑
k=0

αk
∑

l1+l2=k

zl11 z
l2
2 ,

à K′k(ψ) i K′′k(ψ) � äåÿêi êîíñòàíòè.

57



Íàáëèæåííÿ àíàëiòè÷íèõ ôóíêöié ç êëàñiâ Õàðäi
ãðàíè÷íi ôóíêöi¨ ÿêèõ ¹ iíòåãðàëàìè Ïóàññîíà

Ï.Â. Çàäåðåé1, Ì.À. Âåðåìié1, Ì.Â. Ãà¹âñüêèé2

1Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, ì. Êè¨â
2Êiðîâîãðàäñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò
iìåíi Âîëîäèìèðà Âèííè÷åíêà, ì. Êðîïèâíèöüêèé

zadereypv@ukr.net, koliaveremii@gmail.com, mgaevskij@gmail.com

Íåõàé D = {z ∈ C : |z| < 1}, à T = {z ∈ C : |z| = 1}. ×åðåç A(D) áóäåìî ïîçíà÷àòè
ìíîæèíó ðåãóëÿðíèõ â D ôóíêöié f(z) ç ðÿäîì Òåéëîðà-Ìàêëîðåíà f(z) =

∑∞
k=0 ckz

k,z ∈
D, ck = f (k)(0)

k!
, Sn(f ; z) =

∑n
k=0 ckz

k.
Ïîçíà÷èìî ÷åðåç L(T), L∞(T), C(T) ïðîñòîðè, âiäïîâiäíî, ñóìîâíèõ, ñóòò¹âî îáìåæå-

íèõ òà íåïåðåðâíèõ ôóíêöié f , âèçíà÷åíèõ íà T, ç íîðìàìè ‖f‖L(T) =
∫ 2π

0
|f(eit)|dt,

‖f‖∞:=ess supt∈[0,2π)|f(t)|, ‖f‖C := maxt∈[0;2π) |f(eit)|.
ßêùî X(T) � îäèí ç ïðîñòîðiâ L(T), L∞(T), C(T), òî X(T)+ := {f ∈ X(T) : c−k =

0, k = 1, 2, ...}. Çà òåîðåìîþ Ãîëóá¹âà-Ïðèâàëîâà [1, Ñ. 202] ïðîñòîðè X(T)+ ¹ ïðîñòîðàìè
ãðàíè÷íèõ çíà÷åíü àíàëiòè÷íèõ â D ôóíêöié f , ùî çîáðàæàþòüñÿ iíòåãðàëàìè Êîøi

Kϕ(z) := f(z) =
1

2πi

∫
T

ϕ(w)dw

w − z
, z ∈ D, ϕ ∈ X(T)+

.
×åðåç Lq∞(T)+, 0 ≤ q < 1 ïîçíà÷èìî êëàñ ôóíêöié, ùî çîáðàæàþòüñÿ ó âèãëÿäi çãîðòêè

f(eit) = 1
π

∫ 2π

0
ϕ(eiθ)Pq(t−θ)dθ, äå Pq(t) = 1

2
+
∑∞

k=1 q
k cos kt � ÿäðî Ïóàññîíà, ‖ϕ(eiθ)‖L∞(T)≤1.

Ïîêëàäåìî Cq
∞(T)+ = Lq∞(T)+ ∩ C(T), 0 ≤ q < 1. ×åðåç Hp ïîçíà÷àþòü ìíîæèíó ôóíêöié

f ∈ A(D) ó ÿêèõ ñêií÷åíà íîðìà ‖f‖Hp := sup0<ρ<1

(∫ 2π

0
|f(ρeit)|pdt

) 1
p
< ∞, 1 ≤ p < ∞.

Òîäi, ïîêëàäåìî Hq
∞ := {Kf(z) : z ∈ D, ϕ ∈ Cq

∞(T)+}. Òîìó êëàñè Cq
∞(T)+ ñêëàäàþòüñÿ ç

ôóíêöié, ÿêi ¹ çâóæåííÿì íà T ôóíêöié ç êëàñiâ Hq
∞.

Â ðîáîòi äîñëiäæó¹òüñÿ íàñòóïíà âåëè÷èíà

sup
f∈Hq

∞

sup
z∈D
|f(z)− Sn(f ; z)| = sup

f∈Cq∞(T)+

‖f − Sn(f)‖C(T).

Îòðèìàíi ðåçóëüòàòè ¹ àíàëîãîì òåîðåìè Ñ. Á. Ñò¹÷êiíà [2] äëÿ äiéñíîçíà÷íèõ ðÿäiâ
Ôóð'¹, à òàêîæ ïðîäîâæåííÿì äîñëiäæåíü Î.I. Ñòåïàíöÿ òà Â. Â. Ñàâ÷óêà (äèâ. íàïð. [3],
ãëàâà 10)

1. Ïðèâàëîâ È.È. Ãðàíè÷íûå ñâîéñòâà àíàëèòè÷åñêèõ ôóíêöèé. � Ì.�Ë.: Ãîñòåõèçäàò, 1950.
� 336 ñ.

2. Ñòå÷êèí Ñ.Á. Îöåíêà îñòàòêà ðÿäà Ôóðüå äëÿ äèôôåðåíöèðóåìûõ ôóíêöèé // Òð. Ìàò.
èí-òà ÀÍ ÑÑÑÐ. � 1980. � 145. � Ñ. 126�151.

3. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. � Êèåâ: Èí�ò ìàòåìàòèêè ÍÀÍ Óêðàè-
íû, 2002. � ×.2. � 468 ñ. (Òðóäû Èí�òà ìàòåìàòèêè ÍÀÍ Óêðàèíû; T. 40).
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Ïðî ïîáóäîâó óçàãàëüíåíî îïóêëî¨ îáîëîíêè
Þðié Çåëiíñüêèé

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
yuzelinski@gmail.com

Àêñiîìàòè÷íèé ïiäõiä äî âèçíà÷åííÿ îïóêëîñòi (ãîâîðÿòü, ùî ñiì'ÿ ìíîæèí ñêëàäà¹-
òüñÿ ç îïóêëèõ ìíîæèí, ÿêùî ïåðåòèí äîâiëüíî¨ ¨õ êiëüêîñòi íàëåæèòü öié ñiì'¨) äîçâîëÿ¹
íàçâàòè îïóêëèìè ðÿä åêçîòè÷íèõ êëàñiâ ìíîæèí, ÿêi íå àñîöiþþòüñÿ iç çâè÷íèì ïîíÿòòÿì
îïóêëîñòi, íàïðèêëàä, ìíîæèíà âñiõ ìíîæèí ÷è ñiì'ÿ âñiõ çàìêíóòèõ ïiäìíîæèí äåÿêîãî
òîïîëîãi÷íîãî ïðîñòîðó. Ìè ðîçãëÿíåìî ðÿä çàäà÷, ðîçâ'ÿçàííÿ ÿêèõ âèìàãà¹ çàñòîñóâàííÿ
ðiçíèõ óçàãàëüíåíü ïîíÿòòÿ îïóêëîñòi.

Îçíà÷åííÿ 1. Ñêàæåìî, ùî ìíîæèíà E ⊂ Rn m-îïóêëà âiäíîñíî òî÷êè x ∈ Rn\E,
ÿêùî çíàéäåòüñÿ m-âèìiðíà ïëîùèíà L, òàêà ùî x ∈ L i L∩E = ∅. Ñêàæåìî, ùî ìíîæèíà
E ⊂ Rn m-îïóêëà, ÿêùî âîíà îïóêëà âiäíîñíî êîæíî¨ òî÷êè x ∈ Rn\E.

Çàäà÷à (ïðî òiíü). ßêå ìiíiìàëüíå ÷èñëî ïîïàðíî íåïåðåòèííèõ çàìêíóòèõ êóëü ç
öåíòðàìè íà ñôåði Sn−1 â åâêëiäîâîìó ïðîñòîði Rn i ðàäióñà ìåíøîãî âiä ðàäióñà ñôå-
ðè äîñòàòíüî, ùîá äîâiëüíà ïðÿìà, ùî ïðîõîäèòü ÷åðåç öåíòð ñôåðè, ïåðåòèíàëà õî÷à á
îäíó ç öèõ êóëü? Iíøèìè ñëîâàìè: êîëè öåíòð ñôåðè áóäå íàëåæàòè 1-îïóêëié îáîëîíöi
îá'¹äíàííÿ êóëü?

Ðîçâ'ÿçîê çàäà÷i ïðî òiíü iíäóêóâàâ ðÿä áëèçüêèõ çàäà÷, ïðî ÿêi ïiäå ìîâà â äîïîâiäi.

1. Çåëèíñêèé Þ.Á., Âûãîâñêàÿ È.Þ., Ñòåôàí÷óê Ì.Â. Îáîáùåííî âûïóêëûå ìíîæåñòâà è
çàäà÷à î òåíè // Óêð. ìàò. æóðí. � 2015. � 67, � 12. � Ñ. 1659�1666.

2. ÇåëiíñüêèéÞ.Á., Ñòåôàí÷óê Ì.Â. Óçàãàëüíåííÿ çàäà÷i ïðî òiíü // Óêð. ìàò. æóðí. � 2016.
� 68, � 6. � Ñ. 657�662.

3. Zelinskii Yu.B. Generalized Convex Envelopes of Sets and the Problem of Shadow // Journal of
Mathematical Sciences. � 2015. � 211, No 5. � P. 710�717.
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Ïðî îäíó êîìáiíàòîðíó òîòîæíiñòü äëÿ ÷èñåë
êàòàëàíà òà íàðàÿíà

Î.À. Êàäóáîâñüêèé
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê

kadubovs@ukr.net
Äîáðå âiäîìî (íàïð. [1], [2]), ùî ÷èñëà Êàòàëàíà Cn (¾Catalan numbers¿) òà Íàðàÿíà

N(n; k) (¾Narayana numbers¿) çóñòði÷àþòüñÿ â áàãàòüîõ êîìáiíàòîðíèõ çàäà÷àõ òà çíàõî-
äÿòü çàñòîñóâàííÿ â ðiçíèõ ãàëóçÿõ ìàòåìàòèêè.

Íàãàäà¹ìî, ùî ÷èñëà Cn äëÿ íåâiä'¹ìíèõ öiëèõ n âèçíà÷àþòüñÿ ðiâíiñòþ

Cn =
1

n+ 1
Cn

2n =
1

n+ 1

(
2n

n

)
,

à ÷èñëà N(n; k) äëÿ íàòóðàëüíèõ n i 1 ≤ k ≤ n � çà äîïîìîãîþ ðiâíîñòi

N(n; k) =
1

n
Ck
nC

k−1
n =

1

n

(n
k

)( n

k − 1

)
.

Íå âàæêî ïåðåâiðèòè, ùî ìà¹ ìiñöå ðiâíiñòü

N(n; k) = N(n;n− k + 1)

òà äîáðå âiäîìî (íàïð. [1, Ex. 6.36(a)]), ùî äëÿ çàçíà÷åíèõ ÷èñåë ñïðàâäæó¹òüñÿ òîòîæíiñòü
n∑
k=1

N(n; k) = Cn.

Ç óðàõóâàííÿì ðåçóëüòàòiâ ðîáiò [2] i [3], ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ
Òåîðåìà. Äëÿ íàòóðàëüíèõ n ìà¹ ìiñöå òîòîæíiñòü

Cn =
1

n+ 1
Cn

2n =

=
n∑
k=1

∑
j|(n;k)

φ(j) · n− k + j

j
·N
(
n

j
;
n− k + j

j

)
+

+
∑

j|(n;k−1)

φ(j) · k − 1 + j

j
·N
(
n

j
;
k − 1 + j

j

)− ∑
1≤i≤n
i|n

φ
(n
i

)
· (i+ 1) · Ci,

äå: φ(q) � ôóíêöiÿ Åéëåðà (êiëüêiñòü íàòóðàëüíèõ ÷èñåë, ìåíøèõ çà q òà âçà¹ìíî ïðî-
ñòèõ iç íèì); (a; b) � íàéáiëüøèé ñïiëüíèé äiëüíèê íàòóðàëüíèõ a i b; ïiäñóìîâóâàííÿ
â ïåðøîìó äîäàíêó iç ñóìè ç ïðàâî¨ ÷àñòèíè âåäåòüñÿ çà âñiìà äiëüíèêàìè j íàéáiëüøîãî
ñïiëüíîãî äiëüíèêà (n; k) ÷èñåë n i k, â äðóãîìó äîäàíêó iç ñóìè � çà âñiìà äiëüíèêàìè j
íàéáiëüøîãî ñïiëüíîãî äiëüíèêà (n; k − 1) ÷èñåë n i k − 1, à ïiäñóìîâóâàííÿ â òðåòüîìó
äîäàíêó � çà âñiìà äiëüíèêàìè i ÷èñëà n.

1. Stanley R.P., Enumerative Combinatorics. Vol. 2, Cambridge University Press, 1999. � 595 p.
2. Callan D., Smiley L. Noncrossing partitions under re�ection and rotation, preprint,

https://arxiv.org/pdf/math/0510447v3, 2005.
3. Êàäóáîâñêèé À.À. Î ÷èñëå òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé ñ îäíîé âûðîæäåííîé

êðèòè÷åñêîé òî÷êîé òèïà ñåäëî íà äâóìåðíîé ñôåðå, II // Òðóäû ìåæäóíàðîäíîãî ãåîìå-
òðè÷åñêîãî öåíòðà. � 2015. � 8, � 1. � Ñ. 46�61.

60



Ïðî äåÿêi âëàñòèâîñòi ëîêàëüíèõ ìîäóëiâ ãëàäêîñòi
êîíôîðìíèõ ãîìåîìîðôiçìiâ

Î.Â. Êàðóïó
Íàöiîíàëüíèé àâiàöiéíèé óíiâåðñèòåò, ì. Êè¨â

karupu@ukr.net

Íåõàé ó êîìïëåêñíié ïëîùèíi çàäàíî îäíîçâ'ÿçíó îáëàñòü, îáìåæåíó ñïðÿìëþâàíîþ
ãëàäêîþ æîðäàíîâîþ êðèâîþ. Êåëëîã â 1912 ðîöi äîâiâ øèðîêî âiäîìó òåîðåìó ïðî òå, ùî
ÿêùî êóò ìiæ äîòè÷íîþ äî êðèâî¨ i äîäàòíîþ äiéñíîþ âiññþ ÿê ôóíêöiÿ äîâæèíè äóãè
íà êðèâié íàëåæèòü êëàñó Ãåëüäåðà, òî êëàñó Ãåëüäåðà ç òèì æå ïîêàçíèêîì íàëåæèòü i
ïîõiäíà ôóíêöi¨, ùî ðåàëiçó¹ ãîìåîìîðôiçì çàìêíóòîãî îäèíè÷íîãî êðóãà íà çàìèêàííÿ
äàíî¨ îáëàñòi, êîíôîðìíèé ó âiäêðèòîìó îäèíè÷íîìó êðóçi. Çãîäîì áóëî îòðèìàíî áàãàòî
ðiçíèõ óçàãàëüíåíü öüîãî ðåçóëüòàòó.

Â äîïîâiäi ðîçãëÿíóòî îöiíêè äëÿ ëîêàëüíèõ ìîäóëiâ ãëàäêîñòi äîâiëüíîãî ïîðÿäêó äëÿ
ôóíêöié, ùî ðåàëiçîâóþòü êîíôîðìíi âiäîáðàæåííÿ îäíîçâ'ÿçíèõ îáëàñòåé.

Íåõàé G1 � îäíîçâ'ÿçíà îáëàñòü â êîìïëåêñíié ïëîùèíi, îáìåæåíà ãëàäêîþ ñïðÿìëþ-
âàíîþ æîðäàíîâîþ êðèâîþ Γ1, ùî ìiñòèòü òî÷êó z0 ∈ Γ1, à G2 � îäíîçâ'ÿçíà îáëàñòü
â êîìïëåêñíié ïëîùèíi, îáìåæåíà ãëàäêîþ ñïðÿìëþâàíîþ æîðäàíîâîþ êðèâîþ Γ2, ùî
ìiñòèòü òî÷êó w0 ∈ Γ2. Íåõàé w = f(z)� ãîìåîìîðôiçì çàìèêàííÿ G1 îáëàñòi G1 íà çà-
ìèêàííÿ G2 îáëàñòi G2, êîíôîðìíèé â G1, ïðè÷îìó w0 = f(z0). Íåõàé τ1 = τ1(s1) � êóò
ìiæ äîòè÷íîþ äî Γ1 òà äîäàòíîþ äiéñíîþ âiññþ, s1 = s1(z) � äîâæèíà äóãè íà êðèâié Γ1,
à τ2 = τ2(s2) � êóò ìiæ äîòè÷íîþ äî Γ2 òà äîäàòíîþ äiéñíîþ âiññþ, s2 = s2(w) � äîâæèíà
äóãè íà êðèâié Γ2.

Íåõàé ëîêàëüíèé ìîäóëü ãëàäêîñòi ωk,s01

(
τ

(m)
1 (s1), δ

)
ïîðÿäêó k ïîõiäíî¨ ïîðÿäêóm ∈ N

(m < k) ôóíêöi¨ τ1 = τ1(s1) â òî÷öi s0
1 = s1(z0) i ëîêàëüíèé ìîäóëü ãëàäêîñòi ωk,s02

(
τ

(m)
2 (s2), δ

)
ïîðÿäêó k ïîõiäíî¨ ïîðÿäêó m ∈ N (m < k) ôóíêöi¨ τ2 = τ2(s2) â òî÷öi s0

2 = s2(w0) çàäî-
âîëüíÿþòü óìîâi Ãåëüäåðà ç ïîêàçíèêîì α (0 < α < m). Òîäi ëîêàëüíèé ìîäóëü ãëàäêîñòi
ωk,z0

(
f (m+1)(z), δ

)
ïîðÿäêó k ïîõiäíî¨ f (m+1)(z) ôóíêöi¨ f(z) â òî÷öi z0 = z(s0

1) çàäîâîëüíÿ¹
óìîâi Ãåëüäåðà ç òèì æå ïîêàçíèêîì α.
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Êðàéîâà çàäà÷à äëÿ iíòåãðàëüíîãî ðiâíÿííÿ òèïó
Ôðåäãîëüìà ç êåðóâàííÿì

Í.Î. Êîçëîâà1, Â.À. Ôåðóê2

1Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ò. Ã. Øåâ÷åíêà, ì. Êè¨â
2Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
1nkozlovaa@gmail.com, 2feruk.viktor@gmail.com

Ðiçíîìàíiòíèì çàäà÷àì îïòèìàëüíîãî êåðóâàííÿ äëÿ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ
òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ñèñòåì ïðèñâÿ÷åíî áàãàòî ïóáëiêàöié. Îäíèì iç
íàïðÿìêiâ äîñëiäæåííÿ òàêèõ çàäà÷ ¹ ïiäõiä, ÿêèé  ðóíòó¹òüñÿ íà çàëó÷åííi àïàðàòó òåîði¨
ïñåâäîîáåðíåíèõ îïåðàòîðiâ [1�5].

Ðîçãëÿíåìî ó ãiëüáåðòîâîìó ïðîñòîði L2[a, b] ëiíiéíó êðàéîâó çàäà÷ó äëÿ iíòåãðàëüíîãî
ðiâíÿííÿ ç êåðóâàííÿì

x(t)−
b∫

a

K(t, s)x(s)ds = f(t) +

b∫
a

K1(t, s)x(s)dsu, (1)

Sx(·) = α + Jx(·)u. (2)

Òóò K(t, s), K1(t, s) � ÿäðà, ñóìîâíi ç êâàäðàòîì â îáëàñòi [a, b] × [a, b], f ∈ L2[a, b],
x ∈ L2[a, b], u ∈ R, S = col

(
S1, S2, . . . , Sp

)
: L2[a, b]→ Rp i J = col

(
J1, J2, . . . , Jp

)
:

L2[a, b] → Rp � îáìåæåíi ëiíiéíi âåêòîðíi ôóíêöiîíàëè, Si, Ji : L2[a, b] → R,
α = col

(
α1, α2, . . . , αp

)
∈ Rp. ßäðà K(t, s), K1(t, s), ôóíêöiÿ f , ôóíêöiîíàëè S, J

òà âåêòîð α � âiäîìi, à êåðóâàííÿ u òà ôóíêöiþ x � ïîòðiáíî âèçíà÷èòè.
Áóäåìî ââàæàòè, ùî ïîðîäæóþ÷à çàäà÷à áåç êåðóâàííÿ, îòðèìàíà ç (1),(2) ïðè u = 0,

íå ìà¹ ðîçâ'ÿçêó ïðè äåÿêèõ íåîäíîðiäíîñòÿõ f òà α.
Âñòàíîâëåíî íåîáõiäíi òà äîñòàòíi óìîâè íà êåðóâàííÿ u ∈ R, ïðè ÿêèõ çàäà÷à (1),(2)

ñòà¹ ðîçâ'ÿçíîþ, à òàêîæ çíàéäåíî çàãàëüíèé âèãëÿä ¨¨ ðîçâ'ÿçêó.

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems (2nd edition). � Berlin; Boston: De Gruyter, 2016. � 298 p.

2. Êîçëîâà Í.Î., Ôåðóê Â.À. Iíòåãðàëüíi ðiâíÿííÿ Ôðåäãîëüìà ç êåðóâàííÿì // Áóêîâèí-
ñüêèé ìàò. æóðí. � 2016. � 4, � 1-2. � Ñ. 82-86.

3. Êîçëîâà Í.Î., Ôåðóê Â.À. Íåòåðîâi êðàéîâi çàäà÷i ç êåðóâàííÿì äëÿ iíòåãðàëüíèõ ðiâíÿíü
// ÕVII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ìèõàéëà Êðàâ÷óêà (Êè¨â, 19-20 òðàâíÿ
2016 ðîêó): Ìàòåðiàëè êîíô. Ò. 1. Äèôåðåíöiàëüíi òà iíòåãðàëüíi ðiâíÿííÿ, ¨õ çàñòîñóâàííÿ.
� Êè¨â: ÍÒÓÓ "ÊÏI" . � 2016. � Ñ. 143�146.

4. Ïàíàñåíêî �.Â., Ïîêóòíèé Î.Î. Êåðîâàíiñòü êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü Ëÿïóíîâà â ïðîñ-
òîði Ãiëüáåðòà // Âiñíèê Çàïîðiçüêîãî óíiâåðñèòåòó, ìàòåìàòè÷íå ìîäåëþâàííÿ i ïðèêëàäíà
ìåõàíiêà. � 2015. � � 3. � C. 213�220.

5. Øåãäà Ë.Ì. Çàñòîñóâàííÿ äî òåîði¨ êåðóâàííÿ íåòåðîâî¨ êðàéîâî¨ çàäà÷i // Ïðèêàðïàò-
ñüêèé âiñíèê ÍÒØ. ×èñëî. � 2013. � � 1(21). � Ñ. 42�46.
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Àñèìïòîòèêà ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü
äðóãîãî ïîðÿäêó ç ïðàâèëüíî òà øâèäêî çìiííèìè

íåëiíiéíîñòÿìè
Í.Ï. Êîëóí

Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I. I. Ìå÷íèêîâà, ì. Îäåñà
nataliiakolun@ukr.net

Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ

y′′ =
m∑
i=1

αipi(t)ϕi(y), (1)

äå αi ∈ {−1, 1} (i = 1,m), pi : [a, ω[−→]0,+∞[ (i = 1,m) � íåïåðåðâíi ôóíêöi¨, −∞ < a <
ω ≤ +∞, ϕi : ∆Y0 →]0,+∞[ (i = 1,m), äå Y0 äîðiâíþ¹ àáî íóëþ, àáî ±∞, ∆Y0 � äåÿêèé
îäíîái÷íèé îêië Y0, òàêi, ùî ïðè i = 1, l êîæíà ç íèõ ¹ íåïåðåðâíîþ i ïðàâèëüíî çìiííîþ
ïðè y → Y0 ôóíêöi¹þ ïîðÿäêà σi, à ïðè i = l + 1,m � äâi÷i íåïåðåðâíî äèôåðåíöiéîâàíîþ
ôóíêöi¹þ, ùî çàäîâîëüíÿ¹ óìîâàì

ϕ′i(y) 6= 0 ïðè y ∈ ∆Y0 , lim
y→Y0
y∈∆Y0

ϕi(y) =

{
àáî 0,
àáî +∞, lim

y→Y0
y∈∆Y0

ϕi(y)ϕ′′i (y)

ϕ′2i (y)
= 1. (2)

Ó ïðàöÿõ Â.Ì. �âòóõîâà i À.Ì. Êëîïîòà áóëè îòðèìàíi óìîâè iñíóâàííÿ òà àñèì-
ïòîòèêà Pω(Y0, λ0)- ðîçâ'ÿçêiâ, êîëè âñi ôóíêöi¨ ϕi � ïðàâèëüíî çìiííi ïðè y → Y0 (äèâ.,
íàïðèêëàä, [1]).

Ðîçâ'ÿçîê y äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) íàçèâà¹òüñÿ Pω(Y0, λ0)-ðîçâ'ÿçêîì, äå
−∞ ≤ λ0 ≤ +∞, ÿêùî âií âèçíà÷åíèé íà ïðîìiæêó [t0, ω[⊂ [a, ω[ i çàäîâîëüíÿ¹ íàñòóïíèì
óìîâàì

lim
t↑ω

y(t) = Y0, lim
t↑ω

y′(t) =

{
àáî 0,
àáî ±∞, lim

t↑ω

y′2(t)

y′′(t)y(t)
= λ0.

Â ñèëó óìîâ (2) ôóíêöi¨ ϕi (i = l + 1,m) ¹ øâèäêî çìiííèìè ïðè y → Y0, òîáòî ïðàâà
÷àñòèíà ìiñòèòü ÿê ïðàâèëüíî, òàê i øâèäêî çìiííi íåëiíiéíîñòi ïðè y → Y0.

Îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ó ðiâíÿííÿ (1) ïðè λ0 ∈ R\{0; 1} òàêèõ
Pω(Y0, λ0)-ðîçâ'ÿçêiâ, äëÿ ÿêèõ ïðè äåÿêîìó s ∈ {1, ..., l}

lim
t↑ω

pi(t)ϕi(y(t))

ps(t)ϕs(y(t))
= 0 ïðè i ∈ {1, ...,m} \ {s},

à òàêîæ àñèìïòîòè÷íi ïðè t ↑ ω ïðåäñòàâëåííÿ äëÿ òàêèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ ïåðøîãî
ïîðÿäêó.

1. Åâòóõîâ Â.Ì., Êëîïîò À.Ì. Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé n-ãî ïîðÿäêà ñ ïðàâèëüíî ìåíÿþùèìèñÿ íåëèíåéíîñòÿìè // Äèô-
ôåðåíö. óðàâíåíèÿ. � 2014. � 50, � 5. � Ñ. 584�600.
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Íåðiâíîñòi òèïó Äæåêñîíà-Ñò¹÷êiíà ó
ãiëüáåðòîâîìó ïðîñòîði

Ñ.Â. Êîíàðåâà
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

konareva@mmf.dnulive.dp.ua
Íåõàé H � êîìïëåêñíèé ãiëüáåðòîâèé ïðîñòið, ó ÿêîìó çàäàíî ðîçêëàä îäèíèöi E (s),

ùî, â ñâîþ ÷åðãó, ïîðîäæó¹ ãðóïó óíiòàðíèõ îïåðàòîðiâ Utx =
+∞∫
−∞

eistdE(s)x, (t ∈ R).

Ðîçãëÿäà¹òüñÿ çàäà÷à àïðîêñèìàöi¨ åëåìåíòiâ ãiëüáåðòîâîãî ïðîñòîðó ïiäïðîñòîðàìè

âèäó Wσ =

{ ∫
|t|<σ

dE(s)g : g ∈ H
}
, σ > 0. Íåõàé ϕ : C → C � íåïåðåðâíà ôóíêöiÿ

òàêà, ùî ψ(t) = |ϕ(eit)|2 ∈ Φ (Φ � ìíîæèíà íåïåðåðâíèõ, íåâiä'¹ìíèõ, 2π-ïåðiîäè÷íèõ
ôóíêöié ψ, ùî ìàþòü íiäå íå ùiëüíó ìíîæèíó íóëiâ i òàêèõ, ùî Φ (0) = 0). Âèçíà÷èìî

óçàãàëüíåíó ðiçíèöþ åëåìåíòà x ∈ H ç êðîêîì t ïîêëàäàþ÷è ∆ϕ
t x =

+∞∫
−∞

ϕ (eits) dE(s)x.

Ðîçãëÿíåìî òàêîæ âàãîâó ôóíêöiþ V (t), òîáòî íåâiä'¹ìíó, iíòåãðîâíó íà [0; 1] ôóíêöiþ,
âiäìiííó âiä íóëÿ íà ìíîæèíi ïîâíî¨ ìiðè. Ââåäåìî íîâi õàðàêòåðèñòèêè åëåìåíòiâ x ∈ H
ãiëüáåðòîâîãî ïðîñòîðó � óçàãàëüíåíi ìîäóëi íåïåðåðâíîñòi

ωϕ(x;Lp,V ([0, δ])) =

1

δ

δ∫
0

‖∆ϕ
t x‖p V

(
t

δ

)
dt

1/p

.

Äëÿ àïðîêñèìàöi¨ áóäåìî âèêîðèñòîâóâàòè ëiíiéíi ìåòîäè íàáëèæåííÿ âèãëÿäó
Λx =

∫
|t|<σ

λ(t)dE(t)x, äå λ(t) � íåïåðåðâíà íà (−σ, σ), îáìåæåíà, êîìïëåêñíîçíà÷íà ôóí-

êöiÿ, ùî òîòîæíüî äîðiâíþ¹ îäèíèöi íà (−ε, ε), 0 < ε < σ.

Ïîçíà÷èìî H(V, δ, σ) = inf
|t|≤σ

1∫
0

ψ(δts)V (s)ds, G(V, δ, σ) = inf
|t|≥σ

1∫
0

ψ(δts)V (s)ds.

Òåîðåìà. Äëÿ äîâiëüíîãî åëåìåíòà x ∈ H òàêîãî, ùî x 6= Utx ïðè äåÿêîìó t, ìà¹
ìiñöå íåðiâíiñòü

‖x− Λx‖2 ≤ max

{
|1− λ(t)|2

H(V ; δ;σ)
,

1

G(V, δ, σ)

}
ωϕ(x;L2,V ([0, δ]))2.

Çîêðåìà, äëÿ íàéêðàùîãî íàáëèæåííÿ åëåìåíòà x ∈ H ïiäïðîñòîðîì Wσ ìà¹ìî

Eσ (x)2 =

∥∥∥∥∥∥∥x−
∫
|t|<σ

dE(t)x

∥∥∥∥∥∥∥
2

≤ 1

G(V, δ, σ)
ωϕ(x;L2,V ([0, δ]))2.

ßêùî ðîçêëàä îäèíèöi òàêèé, ùî E([t, t+ε]) 6= 0 äëÿ áóäü-ÿêèõ t ∈ R i ε > 0, òî íåðiâíîñòi
¹ òî÷íèìè.

Íàñëiäîê. Çà óìîâ ïîïåðåäíüî¨ òåîðåìè ïðè 2 ≤ p ≤ ∞ ñïðàâåäëèâà íåðiâíiñòü

Eσ (x) ≤ 1

G(V, δ, σ)
1
2

ωϕ(x;Lp,V ([0, δ])).

Íàâåäåíi ðåçóëüòàòè îòðèìàíî ñïiëüíî ç ïðîôåñîðîì Â.Ô. Áàáåíêî.
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Êðàéîâà çàäà÷à íà ïîëÿðíié îñi äëÿ ðiâíÿíü
ïàðàáîëi÷íîãî òèïó ç îïåðàòîðàìè Ëåæàíäðà,

Ôóð'¹, Áåññåëÿ
I.Ì. Êîíåò, Ò.Ì. Ïèëèïþê

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà,
ì. Êàì'ÿíåöü-Ïîäiëüñüêèé
konet51@ukr.net, t-myh@i.ua

Ðîçãëÿíåìî çàäà÷ó ïðî ñòðóêòóðó îáìåæåíîãî íà ìíîæèíi D = {(t, r) : t > 0 : r ∈ I =
(0;R1)∪(R1;R2)∪(R2; +∞) ≡ I1∪I2∪I3} ðîçâ'ÿçêó äèôåðåíöiàëüíèõ ðiâíÿíü ïàðàáîëi÷íîãî
òèïó 2-ãî ïîðÿäêó

∂u1

∂t
− a2

1Λ(µ)[u1] + γ2
1u1 = f1(t, r), r ∈ I1,

∂u2

∂t
− a2

2F [u2] + γ2
2u2 = f2(t, r), r ∈ I2, (1)

∂u3

∂t
− a2

3B(ν,α)[u3] + γ2
3u3 = f3(t, r), r ∈ I3

ç ïî÷àòêîâèìè óìîâàìè
u1(t, r)|t=0 = g1(r), r ∈ I1,

u2(t, r)|t=0 = g2(r), r ∈ I2, (2)

u3(t, r)|t=0 = g3(r), r ∈ I3,

êðàéîâèìè óìîâàìè
u1(t, r)|r=0 < +∞, u3(t, r)|r=+∞ < +∞ (3)

òà óìîâàìè ñïðÿæåííÿ(
Lkj1[uk(t, r)]− Lkj2[uk+1(t, r)]

)∣∣
r=Rk

= ωjk(t); j, k = 1, 2, (4)

äå

Λ(µ) =
∂2

∂r2
+ cthr

∂

∂r
+

1

4
+

1

2

(
µ2

1

1− chr
+

µ2
2

1 + chr

)
� óçàãàëüíåíèé äèôåðåíöiàëüíèé îïåðà-

òîð Ëåæàíäðà [1],

F =
∂2

∂r2
� äèôåðåíöiàëüíèé îïåðàòîð Ôóð'¹ [2],

Bν,α =
∂2

∂r2
+

2α + 1

r

∂

∂r
− ν2 − α2

r2
� äèôåðåíöiàëüíèé îïåðàòîð Áåññåëÿ [1],

Lkjm =

(
αkjm + δkjm

∂

∂t

)
∂

∂r
+ βkjm + γkjm

∂

∂t
; j,m, k = 1, 2.

Iíòåãðàëüíå çîáðàæåííÿ ¹äèíîãî òî÷íîãî àíàëiòè÷íîãî ðîçâ'ÿçêó ìiøàíî¨ ïàðàáîëi÷íî¨
çàäà÷i ñïðÿæåííÿ (1)�(4) ïîáóäîâàíî ìåòîäîì ãiáðèäíîãî iíòåãðàëüíîãî ïåðåòâîðåííÿ òèïó
Ëåæàíäðà-Ôóð'¹-Áåññåëÿ çi ñïåêòðàëüíèì ïàðàìåòðîì [2].

1. Êîíåò I.Ì., Ïèëèïþê Ò.Ì. Ïàðàáîëi÷íi êðàéîâi çàäà÷i â êóñêîâî-îäíîðiäíèõ ñåðåäîâèùàõ.
� Êàì'ÿíåöü-Ïîäiëüñüêèé: Àáåòêà�Ñâiò, 2016. � 244 ñ.

2. Ïèëèïþê Ò.Ì. Ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ Ëåæàíäðà-Ôóð'¹-Áåññëÿ íà ïîëÿðíié îñi
iç ñïåêòðàëüíèì ïàðàìåòðîì â óìîâàõ ñïðÿæåííÿ // Êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ
ðiâíÿíü: çá. íàóê. ïð. � ×åðíiâöi: Ïðóò, 2012. � 21. � Ñ. 100-112.
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Îöiíêè åíòðîïiéíèõ ÷èñåë òà ε�åíòðîïi¨ êëàñiâ
ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ

À.Ô. Êîíîãðàé
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â

Konogray@i.ua

Íàìè äîñëiäæóþòüñÿ àïðîêñèìàòèâíi õàðàêòåðèñòèêè êëàñiâ BΩ
p,θ [1], ïåðiîäè÷íèõ ôóí-

êöié áàãàòüîõ çìiííèõ, ÿêi ¹ óçàãàëüíåííÿì âiäîìèõ êëàñiâ Á¹ñîâà. Íèæ÷å áóäåìî ââàæàòè,
ùî Ω(t) = ω(t1 · . . . · td), äå ω(τ) � çàäàíà ôóíêöiÿ (îäíi¹¨ çìiííî¨) òèïó ìiøàíîãî ìîäóëÿ
íåïåðåðâíîñòi ïîðÿäêó l, ÿêà çàäîâîëüíÿ¹ òàê çâàíi óìîâè (S) i (Sl) Áàði�Ñò¹÷êiíà [2].

Íåõàé X áàíàõîâèé ïðîñòið i BX (y, r) � êóëÿ X ðàäióñà r ç öåíòðîì â òî÷öi y:

BX (y, r) = {x ∈ X : ‖x− y‖ ≤ r}.

Äëÿ êîìïàêòíî¨ ìíîæèíè A òà ε > 0 îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè åíòðîïiéíèõ
÷èñåë εk(A,X ), ÿêi âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì (äèâ., íàïðèêëàä, [3]):

εk(A,X ) = inf {ε : ∃y1, . . . , y2k ∈ X : A ⊆
2k⋃
j=1

BX (yj, ε)}.

Òåîðåìà. Íåõàé 1 ≤ q < ∞, 2 ≤ p ≤ ∞, 2 ≤ θ ≤ ∞ i Ω(t) = ω(t1 · ... · td), äå ω(τ)
çàäîâîëüíÿ¹ óìîâó (S) ç äåÿêèì α > 1, à òàêîæ óìîâó (Sl), l ≥ 2. Òîäi äëÿ áóäü-ÿêèõ
M,n ∈ N òàêèõ, ùî M � 2nnd−1, ìà¹ ìiñöå ñïiââiäíîøåííÿ

εM(BΩ
p,θ, Lq) � ω(2−n)n(d−1)( 1

2
− 1
θ

).

Çàóâàæåííÿ. Ïðè ω(τ) = τ r i âiäïîâiäíèõ îáìåæåííÿõ íà ïàðàìåòð r, ðåçóëüòàòè òåîðåìè
(äëÿ êëàñiâ Br

p,θ, 2 ≤ θ <∞ òà Br
p,∞ = Hr

p) îòðèìàíî â [4] òà [5] âiäïîâiäíî.

1. Yongsheng S., Heping W. Representation and approximation of multivariate periodic functions
with bounded mixed moduli of smoothness // Òð. ìàò. èí-òà èì. Â.À. Ñòåêëîâà. � 1997. �
219. � Ñ. 356�377.

2. Áàðè Í.Ê., Ñòå÷êèí Ñ.Á. Íàèëó÷øèå ïðèáëèæåíèÿ è äèôôåðåíöèàëüíûå ñâîéñòâà äâóõ
ñîïðÿæåííûõ ôóíêöèé // Òð. Ìîñê. ìàò. î-âà. � 1956. � 5. � Ñ. 483�522.

3. H�ollig K. Diameters of classes of smooth functions // Quantitative approximation. N.Y.: Acad.
Press., 1980. � P. 163�176.

4. Ðîìàíþê À.Ñ. Îöåíêè ýíòðîïèéíûõ ÷èñåë è ε�ýíòðîïèè êëàññîâ Íèêîëüñêîãî�Áåñîâà ïåðè-
îäè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåííûõ // Çáiðíèê ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè.
� 2014. � 11, � 3. � Ñ. 196�213.

5. Òåìëÿêîâ Â.Í. Îöåíêè àñèìïòîòè÷åñêèõ õàðàêòåðèñòèê êëàññîâ ôóíêöèé ñ îãðàíè÷åí-
íîé ñìåøàííîé ïðîèçâîäíîé èëè ðàçíîñòüþ // Òð. Ìàò. èí-òà ÀÍ ÑÑÑÐ. � 1989. � 189. �
C. 138�168.
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Íàáëèæåííÿ ôóíêöié â òåîði¨ îáìåæåíèõ
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Ã.Ì. Êóëèê
Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI iìåíi Iãîðÿ Ñiêîðñüêîãî" , ì. Êè¨â

ganna_1953@ukr.net

Ðîçãëÿäà¹òüñÿ ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

dx/dt = f (x) , dy/dt = A (x) y (1)

äå x ∈ Rm, y ∈ Rn, äiéñíà âåêòîð-ôóíêöiÿ f (x) âèçíà÷åíà, íåïåðåðâíà i îáìåæåíà íà
Rm, ìàòðèöÿ A (x) - n × n-âèìiðíà, åëåìåíòàìè ÿêî¨ ¹ äiéñíi ñêàëÿðíi ôóíêöi¨ âèçíà÷åíi,
íåïåðåðâíi i îáìåæåíi íà Rm. Äîäàòêîâî ïðèïóñêà¹òüñÿ, ùî çàäà÷à Êîøi dx/dt = f (x),
x|t=0 = x0 ïðè êîæíîìó ôiêñîâàíîìó çíà÷åííi x0 ∈ Rm ìà¹ ¹äèíèé ðîçâ'ÿçîê x (t;x0).
Äëÿ öüîãî äîñèòü ïðèïóñêàòè, ùî ëîêàëüíèé ìîäóëü íåïåðåðâíîñòi ω (σ; f) ôóíêöi¨ f (x)
çàäîâîëüíÿ¹ óìîâi

∫
+0

dσ
ω(σ;f)

= ∞. Â ñèëó îáìåæåíîñòi ôóíêöi¨ f (x) êîæíèé ðîçâ'ÿçîê
x (t;x0) áóäå âèçíà÷åíèé íà âñié îñi R = (−∞,+∞).

Ïðèïóñêà¹òüñÿ, ùî ñèñòåìà (1) ìà¹ ôóíêöiþ Ãðiíà çàäà÷i ïðî îáìåæåíi iíâàðiàíòíi

ìíîãîâèäè G0 (τ, x) =

{
Ω0
τ (x)C (x (τ ;x)) , τ ≤ 0,

Ω0
τ (x) [C (x (τ ;x))− In] , τ > 0

, ÿêà çàäîâîëüíÿ¹ íåðiâíîñòi

‖G0 (τ, x)‖ ≤ K exp {−γ |τ |} ∀x ∈ Rm , τ ∈ R ç äåÿêèìè äîäàòíèìè ïîñòiéíèìè K, γ.
Âèíèêà¹ ïèòàííÿ: ÷è áóäå iñíóâàòè ôóíêöiÿ Ãðiíà ïðè äîñòàòíüî ìàëèõ çìiíàõ ôóíêöi¨
f (x) â ñèñòåìi (1)?

Ïðîïîíó¹òüñÿ ðîçãëÿäàòè îáìåæåíó íåïåðåðâíó ñèìåòðè÷íó ìàòðèöþ âèãëÿäó
S (x) =

∫ 0

−∞G0 (τ, x) · [G0 (τ, x)]T dτ −
∫ +∞

0
G0 (τ, x) · [G0 (τ, x)]T dτ . Ïðè öüîìó ñóïåðïî-

çèöiÿ S (x (t;x0)) ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ ïî çìiííié t ∈ R. Ïðèéíÿòî ïîçíà÷à-

òè Ṡ (x0) = dS (x (t;x0))/dt

∣∣∣
t=0

. Ïîõiäíà êâàäðàòè÷íî¨ ôîðìè 〈S (x) z, z〉 âçäîâæ ðîçâ'ÿç-

êiâ ñèñòåìè ñïðÿæåíî¨ äî (1) dx/dt = f (x),dz/dt = −AT (x) z áóäå äîäàòíî âèçíà÷åíîþ〈[
Ṡ (x)− S (x)AT (x)− A (x)S (x)

]
z, z
〉
≥ 0, 5 ‖z‖2. ßêùî â çàïèñàíié íåðiâíîñòi ìàòðè-

öÿ S (x) áóëà áè íåïåðåðâíî äèôåðåíöiéîâíîþ ïî êîæíié iç çìiííèõ xi , i = 1,m , òî

Ṡ (x) =
∑m

i=1 fi (x) · ∂S (x)/∂xi i çàïèñàíà âèùå íåðiâíiñòü ñóòò¹âî íå çìiíèòüñÿ ïðè ìàëèõ
çìiíàõ ôóíêöi¨ f (x), ùî i îçíà÷àòèìå iñíóâàííÿ ôóíêöi¨ Ãðiíà. Â çâ'ÿçêó ç öèì âèíèêà¹
çàäà÷à ìîæëèâîñòi íàáëèæåííÿ íåïåðåðâíî¨ ôóíêöi¨ S (x) ôóíêöiÿìè íåïåðåðâíî äèôå-
ðåíöiéîâíèìè Sk (x) ç îäíî÷àñíèì íàáëèæåííÿì ¨õ ïîõiäíèõ Ṡk (x),Ṡ (x).

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. � Êèåâ: Èí�ò ìàòåìàòèêè ÍÀÍ Óêðàè-
íû, 2002. � ×.1. � 427 ñ., ×.2. � 468 ñ. (Òðóäû Èí�òà ìàòåìàòèêè ÍÀÍ Óêðàèíû; T. 40).

2. Êóëèê Â.Ë., Êóëèê À.Í., Ñòåïàíåíêî Í.Â. Äîïîëíåíèå ñëàáî ðåãóëÿðíûõ ëèíåéíûõ ðàñøè-
ðåíèé äèíàìè÷åñêèõ ñèñòåì äî ðåãóëÿðíûõ // Ìàòåìàòè÷åñêèé æóðíàë, Àëìàòû. � 2011. �
11, � 1(39). � Ñ. 74�86.
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Àáñòðàêòíèé iíòåðïîëÿöiéíèé äðiá òèïó Òiëå
Âîëîäèìèð Ìàêàðîâ, Iãîð Äåìêiâ

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà" , Ëüâiâ

ihor.demkiv@gmail.com
Óçàãàëüíåííÿìè äðîáiâ Òiëå çàéìàëîñÿ áàãàòî àâòîðiâ. Öi óçàãàëüíåííÿ óìîâíî ìîæíà

ðîçäiëèòè íà äâà êëàñè. Äî ïåðøîãî êëàñó âiäíîñÿòüñÿ ðîáîòè, ïðèñâÿ÷åíi óçàãàëüíåí-
íþ äðîáiâ Òiëå íà âèïàäîê ôóíêöié áàãàòüîõ çìiííèõ, ïåðåâàæíî äâîõ. Äî äðóãîãî êëàñó
âiäíîñÿòüñÿ ðîáîòè, ïðèñâÿ÷åíi óçàãàëüíåííþ äðîáiâ Òiëå íà âèïàäîê âåêòîðíîçíà÷íèõ òà
ìàòðè÷íîçíà÷íèõ ôóíêöié âiä îäíi¹¨ çìiííî¨. Êðiì òîãî, ¹ îêðåìi ðåçóëüòàòè, ïðèñâÿ÷åíi
ïîáóäîâi ìàòðè÷íîçíà÷íèõ iíòåðïîëÿíòiâ âiä äâîõ çìiííèõ. Ïðîòå âñi äðîáîâi iíòåðïîëÿí-
òè, çàïðîïîíîâàíi ó âiäîìèõ íàì ðîáîòàõ, íà âiäìiíó âiä êëàñè÷íîãî äðîáó Òiëå, ìàþòü
ñóòò¹âèé íåäîëiê: ïðè çàìiíi îñòàííüîãî iíòåðïîëÿöiéíîãî âóçëà íà äîâiëüíèé åëåìåíò ç
âiäïîâiäíî¨ ìíîæèíè âèçíà÷åííÿ, iíòåðïîëÿíò íå ïåðåòâîðþ¹òüñÿ ó çâè÷àéíó (âåêòîðíî-
çíà÷íó, ìàòðè÷íîçíà÷íó) ôóíêöiþ, ùî iíòåðïîëþ¹òüñÿ.

Ìåòîþ äàíî¨ ðîáîòè ¹ óçàãàëüíåííÿ äðîáiâ Òiëå íà âèïàäîê iíòåðïîëÿöi¨ íåëiíiéíèõ
îïåðàòîðiâ, ùî äiþòü ç ëiíiéíîãî òîïîëîãi÷íîãî ïðîñòîðó X ó àëãåáðó Y ç îäèíèöåþ i
ÿêå ïîçáàâëåíå âêàçàíîãî íåäîëiêó. Çâiäñè, ÿê ÷àñòêîâèé âèïàäîê, îäåðæó¹òüñÿ iíòåðïîëÿ-
öiéíèé äðiá òèïó Òiëå äëÿ ôóíêöié äîâiëüíî¨ êiëüêîñòi çìiííèõ áåç ãåîìåòðè÷íèõ îáìåæåíü
íà ðîçòàøóâàííÿ iíòåðïîëÿöiéíèõ âóçëiâ.

Îäåðæàíî óçàãàëüíåíèé äðiá Òiëå, ÿêèé ó �äâîïîâåðõîâîìó� âèïàäêó ìà¹ âèãëÿä

T2(u) = F (u0) + l1(u− u0)[I + l2(u− u1)]−1,

äå l1, l2− ëiíiéíi, F− íåëiíiéíèé îïåðàòîðè, ùî äiþòü ç ëiíiéíîãî òîïîëîãi÷íîãî ïðîñòîðó
X ó àëãåáðó Y ç îäèíèöåþ I, åëåìåíòè u, u0, u1 ∈ X.

Äëÿ îïåðàòîðà F âiäîìi éîãî çíà÷åííÿ F (ui−1,i(ξi)), ξi ∈ [0, 1], i = 1, 2 íà êîíòèíóàëüíèõ
âóçëàõ ui−1,i(ξi) = ui−1 + gξi(ui − ui−1), ξi ∈ [0, 1], i = 1, 2.

Òóò gz− ëiíiéíèé, äèôåðåíöiéîâàíèé çà z îïåðàòîð, ùî äi¹ ç X â X, i ìà¹ âëàñòèâîñòi
g0 = E, g1 = 0, gτgξ = gmax(τ,ξ), τ, ξ ∈ [0, 1], äå E : X → X òîòîæíèé îïåðàòîð.

Ëiíiéíi îïåðàòîðè l1, l2 çàäàþòüñÿ ôîðìóëàìè

l1(u− u0) = −
1∫

0

F1
′(u0 + gτ1 (u1 − u0))dgτ1 (u− u0), F1(u) = F (u),

l2(u− u1) = −
1∫

0

F2
′(u1 + gτ2 (u2 − u1))dgτ2(u− u1),

F2(u) = l1(u− u0) [F (u)− F (u0)]−1

i âèçíà÷àþòü íà ìíîæèíi äâi÷i äèôåðåíöiéîâàíèõ çà Ãàòî îïåðàòîðiâ, äëÿ ÿêèõ iñíóþòü
âêàçàíi iíòåãðàëè, ðîçäiëåíi ðiçíèöi ïåðøîãî ïîðÿäêó. Âêàçàíèé �äâîïîâåðõîâèé� äðiá ¹
àáñòðàêòíèì iíòåðïîëÿöiéíèì äâîõïîâåðõîâèì äðîáîì òèïó Òiëå ç êîíòèíóàëüíèì iíòåð-
ïîëÿöiéíèì âóçëîì u1,2(ξ2) i çâè÷àéíèì iíòåðïîëÿöiéíèì âóçëîì u0, òîáòî

T2(u1,2(ξ2)) = F (u1,2(ξ2)), ∀ξ2 ∈ [0, 1], T2(u0)) = F (u0)).

1. Makarov V. L., Demkiv I. I. Abstract interpolation Thiele type fraction //

https://arxiv.org/ftp/arxiv/papers/1511/1511.06877.pdf, 2015, P.1-10.
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Âiäîìîþ ¹ òåîðåìà Ãàíà�Ä'¹äîííå-Êàòåòîâà-Òîí à [1, ñ. 105], ÿêà òâåðäèòü, ùî â êëàñi
T1-ïðîñòîðiâ íîðìàëüíiñòü ïðîñòîðó X åêâiâàëåíòíà òàêié âëàñòèâîñòi: äëÿ êîæíî¨ ïàðè
(g, h) íàïiâíåïåðåðâíèõ âiäïîâiäíî çâåðõó i çíèçó ôóíêöié g, h : X → R, òàêèõ, ùî g(x) ≤
h(x) íà X iñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → R, äëÿ ÿêî¨ g(x) ≤ f(x) ≤ h(x) íà X. Öÿ
òåîðåìà ìà¹ áàãàòî àíàëîãiâ i çàñòîñîâó¹òüñÿ â òåîði¨ íàáëèæåíü (äèâ. [2] i âêàçàíó òàì
ëiòåðàòóðó).

Â îñòàííi ðîêè ç'ÿâèëèñÿ íîâi àíàëîãè âêàçàíî¨ òåîðåìè [3-5], çîêðåìà, òi ç íèõ, ùî
ñòîñóþòüñÿ iñíóâàííÿ ïðîìiæíèõ C∞-ôóíêöié íà ïðîìiæêàõ ÷èñëîâî¨ ïðÿìî¨ [4], íà çà-
ìêíåíèõ ïàðàëåëåïiïåäàõ â Rn ÷è íà ñåïàðàáåëüíèõ ãiëüáåðòîâèõ ïðîñòîðàõ [5]. Òóò ìè
ïîäàìî ðåçóëüòàò ïðî iñíóâàííÿ ïðîìiæíî¨ äèôåðåíöiéîâíî¨ çà Ôðåøå ôóíêöi¨ íà íîðìî-
âàíèõ ïðîñòîðàõ.

Íàãàäà¹ìî [6, ñ. 27], ùî äiéñíèé áàíàõîâèé ïðîñòið X íàçèâà¹òüñÿ àñïëóíäîâèì, ÿêùî
äëÿ äîâiëüíîãî éîãî ñåïàðàáåëüíîãî ïiäïðîñòîðó L i ñïðÿæåíèé ç íèì ïðîñòið L∗ ñåïà-
ðàáåëüíèé. Çîêðåìà, àñïëóíäîâèì áóäå i ñåïàðàáåëüíèé äiéñíèé áàíàõîâèé ïðîñòið X ç
ñåïàðàáåëüíèì ñïðÿæåíèì X∗. Ìà¹ ìiñöå òàêèé ðåçóëüòàò [6, ñ. 59].

Òåîðåìà 1. Äëÿ ñåïàðàáåëüíîãî äiéñíîãî áàíàõîâîãî ïðîñòîðó X íàñòóïíi óìîâè ðiâ-
íîñèëüíi:
(i) ñïðÿæåíèé ïðîñòið X∗ ñåïàðàáåëüíèé (òîáòî X � àñïëóíäîâèé ïðîñòið);
(ii) íà X iñíó¹ äèôåðåíöiéîâíà çà Ôðåøå ïðè x 6= 0 íîðìà, ÿêà åêâiâàëåíòíà äî âèõiäíî¨
íîðìè ïðîñòîðó X.

Îñíîâîþ íàøî¨ ïîáóäîâè ¹.
Ëåìà 1. Íåõàé X � äiéñíèé íîðìîâàíèé ïðîñòið ç äèôåðåíöiéîâíîþ çà Ôðåøå ïðè

x 6= 0 íîðìîþ p(x) = ||x||, ϕ(t) = e
1

t2−1 ïðè |t| < 1 i ϕ(t) = 0 ïðè |t| ≥ 1, I =
1∫
−1

ϕ(t)dt,

ψ(t) =
t∫
−∞

ϕ(s)ds, 0 < r < R, γ(t) = 2 t−r
R−r −1, g(t) = 1−ψ(γ(t)), x0 ∈ X, f(x) = g(p(x−x0))

íà X i M = 2
eI
. Òîäi f : X → [0, 1] � öå äèôåðåíöiéîâíà çà Ôðåøå ôóíêöiÿ, äëÿ ÿêî¨

f(x) = 1 ïðè ||x− x0|| < r i f(x) = 0 ïðè ||x− x0|| ≥ R.
Ç íå¨ âèâîäèòüñÿ
Ëåìà 2. Íåõàé X � ñåïàðàáåëüíèé àñïëóíäîâèé ïðîñòið i G � âiäêðèòà íåïîðîæíÿ

i îáìåæåíà ìíîæèíà â X. Òîäi iñíó¹ äèôåðåíöiéîâíà çà Ôðåøå ôóíêöiÿ f : X → [0, 1],
òàêà, ùî suppf = G.

Òóò suppf = {x ∈ X : f(x) 6= 0} � íîñié ôóíêöi¨ f .
Îñíîâíèì òåõíi÷íèì iíñòðóìåíòîì íàøî¨ ïîáóäîâè âèñòóïà¹
Òåîðåìà 2. Íåõàé X � ñåïàðàáåëüíèé àñïëóíäîâèé ïðîñòið i (Uj)j∈J � éîãî âiäêðè-

òå ïîêðèòòÿ, ùî ñêëàäà¹òüñÿ ç îáìåæåíèõ ìíîæèí Uj. Òîäi iñíó¹ ëîêàëüíî ñêií÷åííå
ðîçáèòòÿ îäèíèöi (ϕi)i∈I íà X, ÿêå ïiäïîðÿäêîâàíå ïîêðèòòþ (Uj)j∈J i ñêëàäà¹òüñÿ ç
äèôåðåíöiéîâíèõ çà Ôðåøå ôóíêöié ϕi : X → [0, 1].

Ç òåîðåìè 2 âèïëèâà¹
Òåîðåìà 3. Íåõàé X � ñåïàðàáåëüíèé àñïëóíäîâèé ïðîñòið, g : X → R � íàïiâíåïå-

ðåðâíà çâåðõó, à h : X → R � íàïiâíåïåðåðâíà çíèçó ôóíêöi¨, äëÿ ÿêèõ g(x) < h(x) íà X.
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Òîäi iñíó¹ òàêà äèôåðåíöiéîâíà çà Ôðåøå ôóíêöiÿ f : X → R, ùî g(x) < f(x) < h(x) íà
X.
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Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè-
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Scienti�c & Technical, 1993. � 359 p.
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Îäíîñòàéíî ëåäü íåïåðåðâíi ôóíêöi¨ òà
óçàãàëüíåííÿ îäíi¹¨ òåîðåìè Ñåðïiíñüêîãî

Â.Ê. Ìàñëþ÷åíêî, Î. I. Ôiëiï÷óê
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ì. ×åðíiâöi

v.maslyuchenko@chnu.edu.ua, o.�lipchuk@chnu.edu.ua

Â. Ñåðïiíñüêèé [1] âèÿâèâ, ùî íàðiçíî íåïåðåðâíi ôóíêöi¨ f, g : R2 → R áóäóòü ðiâíèìè,
ÿêùî âîíè çáiãàþòüñÿ íà äåÿêié âñþäè ùiëüíié â R2 ìíîæèíi. Âiäîìi ÷èñëåííi óçàãàëü-
íåííÿ äàíî¨ òåîðåìè (äèâ. [2,3] i âêàçàíó òàì ëiòåðàòóðó). Ó ïðàöi [4] áóëî àíîíñîâàíî
òåîðåìó ïðî ñòàëiñòü íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ i çàóâàæåíî, ùî ç íå¨ áåçïîñåðåäíüî âè-
ïëèâà¹ ïåâíå óçàãàëüíåííÿ òåîðåìè Ñåðïiíñüêîãî. Ðîçâèâàþ÷è çíàéäåíèé àâòîðàìè ñïîñiá
äîâåäåííÿ òåîðåìè ïðî ñòàëiñòü, ìîæíà îòðèìàòè íîâå óçàãàëüíåííÿ, ç ÿêîãî âèïëèâàþòü
óñi ïîïåðåäíi.

Îñíîâíèì ìîìåíòîì ¹ ââåäåííÿ ïîíÿòòÿ îäíîñòàéíî¨ ëåäü íåïåðåðâíîñòi äâîõ âiäîáðà-
æåíü, ùî ðîçâèâà¹ ïîíÿòòÿ îäíîñòàéíî¨ êâàçiíåïåðåðâíîñòi, çàïðîïîíîâàíå Ñ. Êåìïiñòèì
ó [5]. Âiäîáðàæåííÿ f i g, ÿêi äiþòü ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X i Y , íàçèâàþòüñÿ
îäíîñòàéíî ëåäü íåïåðåðâíèìè, ÿêùî äëÿ äîâiëüíèõ îêîëiâ V i W òî÷îê f(x) i g(x) ó ïðî-
ñòîði Y iñíó¹ òàêà âiäêðèòà íåïîðîæíÿ ìíîæèíà U â X, ùî f(U) ⊆ V i g(U) ⊆ W . Êðiì
òîãî, iñòîòíîþ ó íàøîìó óçàãàëüíåííi ¹ âëàñòèâiñòü ñëàáêî¨ ãîðèçîíòàëüíî¨ êâàçiíåïåðåðâ-
íîñòi [6], ÿêó ìàþòü íå òiëüêè íàðiçíî íåïåðåðâíi ôóíêöi¨, à i ¨õ àíàëîãè � KC-ôóíêöi¨ i
KhC-ôóíêöi¨.

Òåîðåìà. Íåõàé X � áåðiâñüêèé ïðîñòið, Y � òîïîëîãi÷íèé ïðîñòið, ÿêèé ó êîæ-
íié òî÷öi ìà¹ íå áiëüø, íiæ çëi÷åííó ëîêàëüíó ïñåâäîáàçó, Z � óðèñîíîâèé ïðîñòið,
f, g : X × Y → Z � ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíi âiäîáðàæåííÿ, ÿêi íåïåðåðâíi
âiäíîñíî äðóãî¨ çìiííî¨ i òàêi, ùî äëÿ êîæíîãî y ∈ Y âiäîáðàæåííÿ fy = f(·, y) òà
gy = g(·, y) îäíîñòàéíî ëåäü íåïåðåðâíi, E � âñþäè ùiëüíà ïiäìíîæèíà äîáóòêó X × Y i
f |E = g|E. Òîäi f = g.

Íàãàäà¹ìî, ùî ïðîñòið Z íàçèâà¹òüñÿ óðèñîíîâèì, ÿêùî äëÿ äîâiëüíèõ éîãî ðiçíèõ
òî÷îê z1 i z2 iñíóþòü çàìêíåíi îêîëè W1 i W2, òàêi, ùî W1 ∩W2 = Ø.
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Åêñòðåìàëüíà çàäà÷à Ïîìïåÿ�Ëàíäàó�Ñàñà äëÿ
îáìåæåíèõ ãîëîìîðôíèõ ôóíêöié â áiêðóçi

I.Þ. Ìåðåìåëÿ
Àêàäåìiÿ ðåêðåàöiéíèõ òåõíîëîãié i ïðàâà, ì. Ëóöüê

irameremelya@gmail.com
Íåõàé D2 := D × D = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1} � îäèíè÷íèé áiêðóã, T2 :=

{(z1, z2) ∈ C2 : |z1| = |z2| = 1} � êiñòÿê áiêðóãà D2, B(D2) � êëàñ ôóíêöié f , ãîëîìîðôíèõ
â áiêðóçi D2, äëÿ ÿêèõ sup(z1,z2)∈D2 |f(z1, z2)| ≤ 1 i íåõàé

f̂k,l :=
1

k! l!

∂k+lf

∂zk1∂z
l
2

(0, 0)

� êîåôiöi¹íòè Òåéëîðà ôóíêöi¨ f .
Åêñòðåìàëüíîþ çàäà÷åþ Ïîìïåÿ�Ëàíäàó�Ñàñà äëÿ áiêðóãà íàçèâàòèìåìî åêñòðåìàëü-

íó çàäà÷ó ïðî îá÷èñëåííÿ òî÷íîãî çíà÷åííÿ âåëè÷èíè

sup


∣∣∣∣∣∣
∑

(k,l)∈γ

µk,lf̂k,l

∣∣∣∣∣∣ : f ∈ X

 ,

äå {µk,l} � äâîêðàòíà êîìïëåêñíà ïîñëiäîâíiñòü, γ � äåÿêà ñêií÷åííà ïiäìíîæèíà Z2
+, à X

� äåÿêèé ïiäêëàñ B(D2), à òàêîæ çàäà÷ó ïðî çíàõîäæåííÿ åêñòðåìàëüíèõ åëåìåíòiâ, íà
ÿêèõ äîñÿãà¹òüñÿ öÿ òî÷íà âåðõíÿ ìåæà.

Çíàéäåíî ðîçâ'ÿçîê çàäà÷i Ïîìïåÿ�Ëàíäàó�Ñàñà ó âèïàäêó, êîëè γ = {(0, 0), (0, 1), (1, 0),
(1, 1)} i µk,l = 2ρ1−l

1 ρ1−k
2 , µ1,1 = 1.

Òåîðåìà. Íåõàé ρ1, ρ2 ∈ C i |ρ1|+ |ρ2| < 1. Òîäi

max
{∣∣∣2(ρ1ρ2f̂0,0 + ρ1f̂1,0 + ρ2f̂0,1) + f̂1,1

∣∣∣ : f ∈ B(D2)
}

=

= |ρ1|2 + |ρ2|2 + 1.

Ìàêñèìóì äîñÿãà¹òüñÿ äëÿ ôóíêöi¨

fρ1,ρ2(z1, z2) :=
ρ1z1 + ρ2z2 + z1z2

ρ1z2 + ρ2z1 + 1
=

= ρ1z1 + ρ2z2 + (1− |ρ1|2 − |ρ2|2)z1z2 + . . . .

Íàñëiäîê. Ìàþòü ìiñöå ðiâíîñòi

sup
{∣∣∣f̂1,0

∣∣∣+
∣∣∣f̂0,1

∣∣∣+
∣∣∣f̂1,1

∣∣∣ : f ∈ B0(D2)
}

=

= sup
{∣∣∣f̂1,0 + f̂0,1 + f̂1,1

∣∣∣ : f ∈ B0(D2)
}

=

= sup

{∣∣∣∣12 f̂0,0 + f̂1,0 + f̂0,1 + f̂1,1

∣∣∣∣ : f ∈ B(D2)

}
=

3

2
,

äå B0(D2) := {f ∈ B : f̂0,0 = 0}.
Òî÷íi âåðõíi ìåæi äîñÿãàþòüñÿ íà ïîñëiäîâíîñòi ôóíêöié {fρ1,ρ2}|ρ1|+|ρ2|<1.
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Ïðî àñèìïòîòè÷íî ìàéæå ïåðiîäè÷íi ðîçâ'ÿçêè
ðiâíÿíü iç çàïiçíåííÿì
Þ.Ì. Ìèñëî, Â. I. Òêà÷åíêî

Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò, ì. Óæãîðîä
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â

julia.pah@gmail.com

Ðîçãëÿäà¹òüñÿ ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåôiêñîâàíèìè ìî-
ìåíòàìè iìïóëüñíî¨ äi¨

ẋ(t) = f(t, x(t), x(t− h)), t 6= τk(x(t)), (1)

x(t+ 0) = x(t) + Ik(x(t)), t = τk(x(t)), k ∈ Z, (2)

äå x ∈ Rn, h > 0. Iìïóëüñíà äiÿ âiäáóâà¹òüñÿ ïðè äîñÿãíåííi ðîçâ'ÿçêàìè ïîâåðõîíü
Γk = {(t, x) : t = τk(x)}, k ∈ Z, ÿêi ðiâíîìiðíî âiääiëåíi îäíà âiä iíøî¨.

×åðåç PCk(J,Rn), J ⊆ R ïîçíà÷èìî ïðîñòið óñiõ êóñêîâî-íåïåðåðâíèõ ôóíêöié
x : J → Rn òàêèõ, ùî

i) ìíîæèíà T = {tj ∈ J : tj+1 > tj, j ∈ Z} ðîçðèâiâ ôóíêöi¨ x íå ìà¹ ñêií÷åííèõ
ãðàíè÷íèõ òî÷îê;

ii) ôóíêöi¨ íåïåðåðâíi çëiâà x(tj − 0) = x(tj) i iñíóþòü ãðàíèöi lim
t→tj+0

x(t) = x(tj + 0);

iii) ôóíêöiÿ x(t) ãëàäêà êëàñó Ck íà ìíîæèíi J \ T.
Ðîçãëÿäà¹ìî ñèñòåìó (1), (2) ç òàêèìè óìîâàìè:

(H1) Ïîçíà÷èìî Uρ = {x ∈ Rn : ‖x‖ ≤ ρ}, äå ρ � äåÿêå äîäàòíå ÷èñëî. Ïðèïóñòèìî,
ùî ïîñëiäîâíiñòü {τk} ôóíêöié iìïóëüñíî¨ äi¨ τk : Uρ → R ìà¹ ðiâíîìiðíî ìàéæå ïåðiî-
äè÷íi ïîñëiäîâíîñòi ðiçíèöü ðiâíîìiðíî âiäíîñíî x ∈ Uρ i iñíóþòü θ > 0 i Θ > 0 òàêi, ùî
infx τk+1(x)− supx τk(x) ≥ θ i supx τk+1(x)− infx τk(x) ≤ Θ äëÿ âñiõ x ∈ Uρ i k ∈ Z.

(H2) Ôóíêöiÿ f(t, x, y) ìàéæå ïåðiîäè÷íà ïî t i ëiïøèöåâà ïî x, y ∈ Uρ çi ñòàëîþ
L1 > 0 : ‖f(t, x1, y1)− f(t, x2, y2)‖ ≤ L1(‖x1 − x2‖+ ‖y1 − y2‖).

(H3) Âåêòîð-ôóíêöi¨ Ij : Uρ → Rn ëiïøèöåâi ïî x ∈ Uρ çi ñòàëîþ L1 > 0. Ïîñëiäîâíîñòü
{Ij(x)} ìàéæå ïåðiîäè÷íà ðiâíîìiðíî âiäíîñíî x ∈ Uρ.

Òåîðåìà. Ïðèïóñòèìî, ùîM0N1+N1 < 1, äåM0 = sup
t∈R,x,y∈Uρ

‖f(t, x, y)‖, à N1 ¹ ñòàëîþ

Ëiïøèöÿ äëÿ ïîâåðõîíü iìïóëüñiâ

|τj(x)− τj(y)| ≤ N1‖x− y‖, j ∈ Z, x, y ∈ Uρ.

Íåõàé ðîçâ'ÿçîê ξ(t) ñèñòåìè (1), (2) ïðè âñiõ t ∈ [0,∞) íàëåæèòü Uρ i ¹ ðiâíîìiðíî
àñèìïòîòè÷íî ñòiéêèì ïðè t ≥ 0. Òîäi ξ(t) àñèìïòîòè÷íî w-ìàéæå ïåðiîäè÷íèé, à
ñèñòåìà (1), (2) ìà¹ w-ìàéæå ïåðiîäè÷íèé ðîçâ'ÿçîê, ÿêèé ¹ àñèìïòîòè÷íî ñòiéêèì
ïðè t ≥ 0.

1. Myslo Y.M., Tkachenko V. I. Global attractivity in almost periodic single species models //
Functional Di�erential Equations. � 2011. � 18, No 3�4, � P. 269�278.

2. Tkachenko V. I. Almost periodic solutions of evolution di�erential equations with impulsive acti-
on. Mathematical Modeling and Applications in Nonlinear Dynamics. � New York: Springer,
2016. � P. 161-205.

3. Samoilenko A.M., Perestyuk N.A. Impulsive di�erential equations, World Scienti�c, Singapore,
1995.
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Ïðî àñèìïòîòèêó q-ïîëiíîìiâ Áåðíøòåéíà íà
ñòåïåíåâèõ ôóíêöiÿõ

Ä.À. Íàéêî
Âiííèöüêèé íàöiîíàëüíèé àãðàðíèé óíiâåðñèòåò, ì. Âiííèöÿ

dmnaiko@ukr.net

Íàâåäåìî îçíà÷åííÿ q-ïîëiíîìiâ Áåðíøòåéíà, ââåäåíèõ Ôiëiïñîì [1] ó 1997 ðîöi.
Äëÿ q > 0 òà áóäü-ÿêîãî n = 0, 1, 2, ... âèçíà÷àþòüñÿ ÷èñëà

[n]q := 1 + q + ...+ qn−1 (n ∈ N), [0]q := 0;

[n]q! = [1]q[2]q...[n]q (n ∈ N), [0]q! := 0;

[
n
k

]
q

:=
[n]q!

[k]q![n− k]q!
, 0 ≤ k ≤ n.

Îçíà÷åííÿ. Íåõàé f ∈ C[0, 1]. Òîäi ïîëiíîì

Bn(f, q;x) :=
n∑
k=0

f

(
[k]q
[n]q

)[
n
k

]
q

xk
n−1−k∏
s=0

(1− qsx), n = 1, 2, ...

íàçèâà¹òüñÿ q-ïîëiíîìîì Áåðíøòåéíà.
ßêùî q = 1, òî Bn(f, q;x) � êëàñè÷íèé ìíîãî÷ëåí Áåðíøòåéíà.
Ïðè 0 < q ≤ 1 Bn(f, q;x) ¹ äîäàòíèì ëiíiéíèì îïåðàòîðîì íà [0, 1].
Ó âèïàäêó q ≥ 1 Ôiëiïñ [1] ïîêàçàâ, ùî Bn(t2, q;x) = x2+x(1−x)/[n]q. Íàñòóïíà òåîðåìà

óçàãàëüíþ¹ öåé ðåçóëüòàò.
Òåîðåìà. Ïðè ôiêñîâàíîìó i ∈ N q-ïîëiíîì Áåðíøòåéíà Bn(ti, q;x) ìà¹ òàêå àñèì-

ïòîòè÷íå ïîäàííÿ:

Bn(ti, q;x) = xi +
i∑

m=1

1

[n]mq

i∑
p=i−m

(−1)p+m−ixpSq(i, p)

p−1∑
(s1, ... , sp+m−i)

[s1]q...[sp+m−i]q,

äå Am(i, q, x) :=
i∑

p=i−m
(−1)p+m−ixpSq(i, p) ·

p−1∑
(s1, ... , sp+m−i)

[s1]q...[sp+m−i]q íå çàëåæàòü âiä n, à

ôóíêöi¨ Sq(i, j) çàäîâîëüíÿþòü ðåêóðåíòíå ñïiââiäíîøåííÿ

Sq(i+ 1, j) = Sq(i, j − 1) + [j]qSq(i, j),

äå Sq(0, 0) := 1, Sq(i, 0) := 0 ïðè i > 0, Sq(i, j) := 0 ïðè i < j (äèâ. [2]).
1. Phillips G. M. Bernstein polynomials based on the q-integers // Ann. Numer. Math. � 1997. �

4. � P. 258�264.
2. Íàéêî Ä. À. Ïðî äåÿêi àïðîêñèìàöiéíi âëàñòèâîñòi q-ïàðàìåòðè÷íèõ ìíîãî÷ëåíiâ Áåðí-

øòåéíà // Çáiðíèê ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � 2016. � 13, � 2. � Ñ. 214�226.
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Íàáëèæåííÿ ïåðiîäè÷íèõ àíàëiòè÷íèõ ôóíêöié
ïîâòîðíèìè ëiíiéíèìè ñåðåäíiìè Âàëëå Ïóññåíà

Î.Î. Íîâiêîâ, Î. Ã. Ðîâåíñüêà, Þ.Î. Êîçà÷åíêî
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê

sgpi@slav.dn.ua
Íåõàé L � ìíîæèíà 2π-ïåðiîäè÷íèõ, ñóìîâíèõ íà [−π; π] ôóíêöié. Íåõàé ψ(k) � ôiêñî-

âàíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë i β ∈ R. Íàñëiäóþ÷è Î. I. Ñòåïàíöÿ [1], ôóíêöi¨ f ∈ L,
ÿêà ìà¹ ðÿä Ôóð'¹

S[f ] =
a0

2
+
∞∑
k=1

ak cos kx+ bk sin kx,

ÿêùî öå ìîæëèâî, ïîñòàâèìî ó âiäïîâiäíiñòü ôóíêöiþ fψβ , äëÿ ÿêî¨ ðÿä Ôóð'¹ ìà¹ âèãëÿä

S[fψβ ] =
∞∑
k=1

1

ψ(k)
(ak cos(kx+ βπ/2) + bk sin(kx+ βπ/2)) .

Ìíîæèíó íåïåðåðâíèõ ôóíêöié f , ÿêi ìàþòü òàêó ïîõiäíó fψβ , ùî esssup|fψβ (x)| ≤ 1, ïî-

çíà÷èìî Cψ
β,∞. Íåõàé q ∈ (0; 1). ×åðåç Dq ïîçíà÷èìî ìíîæèíó ïîñëiäîâíîñòåé ψ(k), ÿêi

çàäîâîëüíÿþòü óìîâó lim
k→∞

ψ(k+1)
ψ(k)

= q. Ïèòàííÿ íàáëèæåííÿ êëàñiâ Cψ
β,∞, ψ ∈ Dq, âèâ÷àëè-

ñÿ â ðîáîòàõ Î. I. Ñòåïàíöÿ, À.Ñ. Ñåðäþêà, Â. I. Ðóêàñîâà, Ñ.Î. ×àé÷åíêà òà iíøèõ.
Ïîäâiéíi ìåòîäè Âàëëå-Ïóññåíà äëÿ âèïàäêó p1 ≤ p2 çàäàþòüñÿ ñïiââiäíîøåííÿì

V
(2)
n,p (f, x) =

1

p1

n−1∑
k=n−p1

1

p2

k∑
m=k−p2+1

Sm(f, x) =
a0

2
+

n−1∑
k=1

λ
(n)
k (ak(f) cos kx+ bk(f) sin kx),

äå

λ
(n)
k =


1, 1 ≤ k ≤ n− p1 − p2 + 1;
1− (k−n+p1+p2)(k−n+p1+p2−1)

2p1p2
, n− p1 − p2 + 1 ≤ k ≤ n− p2;

1− 2k−2n+2p2+p1−1
2p2

, n− p2 ≤ k ≤ n− p1;

1− 2p1p2−(n−k)(n−k+1)
2p1p2

. n− p1 ≤ k ≤ n− 1.

Òåîðåìà. Íåõàé q ∈ (0; 1), ψ ∈ Dq, β ∈ R. Òîäi çà óìîâè n − p1 − p2 → ∞ âèêîíó¹òüñÿ
àñèìïòîòè÷íà ôîðìóëà

E(Cψ
β,∞, V

(2)
n,p ) =

8ψ(n− p1 − p2 + 2)

πp1p2(1 + q)3
Π

(
4q

(1 + q)2
;

2
√
q

1 + q

)
+

+O(1)

(
ψ(n− p1 − p2)

p2(n− 2p)(1− q)4
+
ψ(n− p1 − p2)qp

p2(1− q)3
+
ψ(n− p1 − p2)εn−p1−p2+2

(1− q)2

)
, (4)

äå εm = supk≥m

∣∣∣ψ(k+1)
ψ(k)

− q
∣∣∣,

Π (n; k) =

π
2∫

0

du(
1− n sin2 u

)√
1− k2 sin2 u

� ïîâíèé åëiïòè÷íèé iíòåãðàë òðåòüîãî ðîäó.
1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèÿ ïåðèîäè÷åñêèõ ôóíêöié. � Êèåâ: Íàóêîâà

äóìêà, 1987. � 268 ñ.
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Äåÿêi ïiäõîäè äî ðîçâèíåííÿ ôóíêöié â ëàíöþãîâi
äðîáè

Ì.Ì. Ïàãiðÿ
Ìóêà÷iâñüêèé äåðæàâíèé óíiâåðñèòåò, ì. Ìóêà÷åâî

pahirya@gmail.com

Âiäîìî, ùî àíàëiòè÷íó ôóíêöiþ êîìïëåêñíî¨ çìiííî¨ ìîæíà íàáëèæóâàòè áàãàòî÷ëå-
íîì, óçàãàëüíåíèì áàãàòî÷ëåíîì, àïðîêñèìàíòîþ Ïàäå àáî ëàíöþãîâèì äðîáîì. Iñíó¹ äå-
êiëüêà ñïîñîáiâ îòðèìàòè ðîçâèíåííÿ ôóíêöi¨ êîìïëåêñíî¨ çìiííî¨ â ëàíöþãîâi äðîáè. Ñå-
ðåä íèõ ìåòîä Ëàãðàíæà äëÿ îñíîâíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ Ðiêêàòi, ïîáóäîâà âiä-
ïîâiäíîãî ñòåïåíåâîìó ðÿäó ïðàâèëüíîãî ëàíöþãîâîãî Ñ�äðîáó, ïðåäñòàâëåííÿ ôóíêöié
ó âèãëÿäi âiäíîøåííÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié, ìåòîä Âiñêîâàòîâà òîùî. Äëÿ ðîçâè-
íåííÿ ôóíêöié â ëàíöþãîâèé äðiá òàêîæ âèêîðèñòîâóþòü ôîðìóëó Òiëå, ÿêà ¹ àíàëîãîì
ôîðìóëè Òåéëîðà â òåîði¨ ëàíöþãîâèõ äðîáiâ [1].

Äîâåäåíi íîâi âëàñòèâîñòi äëÿ îáåðíåíèõ ïîõiäíèõ Òiëå, âñòàíîâëåíi ïðàâèëà îáåðíå-
íîãî äèôåðåíöiþâàííÿ çà Òiëå, îòðèìàíi ðîçâèíåííÿ ôóíêöié â ëàíöþãîâi äðîáè Òiëå òà
âèçíà÷åíi îáëàñòi çáiæíîñòåé îòðèìàíèõ ðîçâèíåíü [2].

Óçàãàëüíåíà ôîðìóëà Òiëå äëÿ êâàçi�îáåðíåíèõ ëàíöþãîâèõ äðîáiâ, ÿêà  ðóíòó¹òüñÿ
íà îáåðíåíèõ ïîõiäíèõ 2�ãî òèïó. Îá ðóíòîâàíi âëàñòèâîñòi îáåðíåíèõ ïîõiäíèõ 2�ãî òèïó,
âñòàíîâëåíi âçà¹ìîçâ'ÿçêè îáåðíåíèõ ïîõiäíèõ 2�ãî òèïó iç îáåðíåíèìè ïîõiäíèìè Òiëå
òà "çâè÷àéíèìè" ïîõiäíèìè ôóíêöi¨, à òàêîæ ïðàâèëà îáåðíåíîãî äèôåðåíöiþâàííÿ 2�ãî
òèïó, îòðèìàíi ðîçâèíåííÿ äåÿêèõ ôóíêöié â êâàçi�îáåðíåíi ëàíöþãîâi äðîáè i âêàçàíi
îáëàñòi çáiæíîñòi îòðèìàíèõ ðîçâèíåíü [2, 3].

1. Thiele T.N. Interpolationsprechnung. � Leipzig: Comm. von B.G.Teubner, 1909.
2. Ïàãiðÿ Ì.Ì. Íàáëèæåííÿ ôóíêöié ëàíöþãîâèìè äðîáàìè. � Óæãîðîä: �ðàæäà, 2016. �

412 ñ.
3. Pahirya M.M. Expansion of function z ln z in the quasi�reciprocal continued fraction // Internati-

onal Journal of Advanced Research in Mathematics. � 2016. � No 7. � P. 1�9.
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Íàéêðàùi íàáëèæåííÿ êëàñiâ çãîðòîê
óçàãàëüíåíèìè ñïëàéíàìè

Í.Â. Ïàðôiíîâè÷
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

Íåõàé C i Lp � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié f : R → R ç âiäïîâiäíèìè íîðìàìè
‖ · ‖C i ‖ · ‖Lp = ‖ · ‖p. Íàéêðàùå íàáëèæåííÿ êëàñó ôóíêöié M ⊂ Lp ìíîæèíîþ H ⊂ Lp â
ìåòðèöi Lp ïîçíà÷èìî ÷åðåç E(M,H)p, à ïîïåðå÷íèê Êîëìîãîðîâà öüîãî êëàñó â Lp ÷åðåç
dn(M,Lp).

Çãîðòêó K ∗ ϕ ôóíêöi¨ K ∈ L1 (ÿäðà çãîðòêè) i ϕ ∈ L1 îçíà÷èìî ðiâíiñòþ

(K ∗ ϕ)(x) =

∫ 2π

0

K(x− t)ϕ(t) dt.

Äëÿ ÿäðà K ïîêëàäåìî µ = µ(K) = 1, ÿêùî K⊥1 i µ = µ(K) = 0 â ñóïðîòèâíîìó âèïàäêó.
ßêùî çàäàíi ÿäðî K i ìíîæèíà F ∈ L1, òî ÷åðåç K ∗ ϕ ïîçíà÷èìî êëàñ ôóíêöié âèãëÿäó
f(x) = aµ+ (K ∗ ϕ)(x), ϕ ∈ F, ϕ⊥µ, a ∈ R.

Íåïåðåðâíå íà (0, 2π) ÿäðî K, ùî íå ¹ òðèãîíîìåòðè÷íèì ïîëiíîìîì, áóäåìî íàçèâàòè
CVD-ÿäðîì (K ∈ CV D), ÿêùî ν(aµ + K ∗ ϕ) ≤ ν(ϕ) äëÿ äîâiëüíèõ ϕ ∈ C, ϕ⊥µ, a ∈ R
(ν(g) � êiëüêiñòü çìií çíàêó 2π-ïåðiîäè÷íî¨ ôóíêöi¨ g íà ïåðiîäi).

Äëÿ íåâiä'¹ìíî¨ ôóíêöi¨ f ∈ L1 ïîçíà÷èìî ÷åðåç r(f, t) íåñïàäíå ïåðåñòàâëåííÿ çâóæå-
ííÿ ôóíêöi¨ f íà ïðîìiæîê [0, 2π]. ßêùî g-äîâiëüíà ôóíêöiÿ iç L1, ïîêëàäåìî

Π(g, t) := r(g+, t)− r(g−, 2π − t).

Ìíîæèíó F ⊂ L1 íàçâåìî Π-iíâàðiàíòíîþ, ÿêùî ç f ∈ F i Π(g) = Π(f) âèïëèâà¹ g ∈ F .
Íåõàé Sk2n,m (n,m ∈ N, k = 1, 2) � ïðîñòîðè 2π-ïåðiîäè÷íèõ ñïëàéíiâ ïîðÿäêó m äå-

ôåêòó k ç âóçëàìè â òî÷êàõ kjπ/n, j ∈ Z, a ϕn,0(t) = sign sin nt, t ∈ R.
Òåîðåìà. Íåõàé n,m ∈ N, K ∈ CVD, F � äîâiëüíà Π-iíâàðiàíòíà ìíîæèíà 2π-

ïåðiîäè÷íèõ ôóíêöié. Òîäi

E(K ∗ F,K ∗ S2
2n,m)1 = sup

f∈F
f⊥µ

∫ 2π

0

Π(f, t)Π(K(−·) ∗ ϕn,o, t) dt.

Ðåçóëüòàòè öi¹¨ òåîðåìè ïîêàçóþòü, ùî ïðîñòîðè K ∗S2
2n,m ðàçîì ç ïðîñòîðàìè K ∗ S1

2n,m ¹
åêñòðåìàëüíèìè äëÿ ïîïåðå÷íèêiâ d2n(K ∗F,L1). Ðåçóëüòàòè, ùî ñòîñóþòüñÿ òàêèõ íàáëè-
æåíü ó âèïàäêó, êîëè K-ÿäðî Áåðíóëëi, à òàêîæ iñòîðiÿ ïèòàííÿ âèêëàäåíi â [1], ñòîñîâíî
íàáëèæåíü êëàñiâ K ∗ F (K ∈ CVD) ïðîñòîðàìè K ∗ S1

2n,m äèâ. [2].

1. Áàáåíêî Â.Ô., Ïàðôèíîâè÷ Í.Â. Î òî÷íûõ çíà÷åíèÿõ íàèëó÷øèõ ïðèáëèæåíèé êëàññîâ
äèôôåðåíöèðóåìûõ ïåðèîäè÷åñêèõ ôóíêöèé ñïëàéíàìè // Ìàòåì. çàìåòêè. � 2010. � 87,
� 5. � Ñ. 669�683.

2. Áàáåíêî Â.Ô. Ïðèáëèæåíèå êëàññîâ ñâåðòîê // Ñèá. ìàò. æóðí. � 1987. � 28, � 5. � Ñ. 6�21.
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Ñëiäè óçàãàëüíåíèõ ïîòåíöiàëiâ
Á. Ã. Ïåëåøåíêî, Ò.Ì. Ñåìèðåíêî

Äíiïðîïåòðîâñüêèé äåðæàâíèé àãðàðíî-åêîíîìi÷íèé óíiâåðñèòåò, ì. Äíiïðî
dsaupelesh@mail.ru, semirenkot@mail.ru

Íåõàé ÷åðåç Ē (0,∞) ïîçíà÷à¹òüñÿ ñèìåòðè÷íèé ïðîñòið ôóíêöié, çàäàíèõ íà ïiâïðÿìié
(0,∞), ç ôóíäàìåíòàëüíîþ ôóíêöi¹þ φE(t), 0 < t <∞.

×åðåç X ïîçíà÷èìî ïðîñòið ç äîäàòíîþ ìiðîþ µ. Äëÿ êîæíî¨ âèìiðíîþ çà ìiðîþ µ íà
X ôóíêöi¨ f ÷åðåç µf (t) =: µ {x ∈ X : f(x) > t} (t > 0) ïîçíà÷à¹òüñÿ ôóíêöiÿ ðîçïîäiëó i
÷åðåç f ∗µ ïîçíà÷à¹òüñÿ íåçðîñòàþ÷à ïåðåñòàíîâêà öi¹¨ ôóíêöi¨, ÿêà çàäàíà íà (0,∞), òîáòî
f ∗µ(s) =: inf {t ∈ (0,∞) : µf (t) < s}. Äàëi, ÷åðåç E(X) ïîçíà÷à¹òüñÿ ñèìåòðè÷íèé ïðîñòið
âèìiðíèõ çà ìiðîþ µ íà X ôóíêöié ç ñêií÷åííîþ íîðìîþ ‖f‖E(X) :=

∥∥f ∗µ∥∥Ē(0,∞)
.

Íåõàé X i Y � ïðîñòîðè ç âiäïîâiäíî äîäàòíèìè ìiðàìè µ òà ν. Ïîçíà÷èìî ÷åðåç
EX = E(X) i F Y = F (Y ) ñèìåòðè÷íi ïðîñòîðè.

Äîäàòíà ìiðà µ íà Rn ¹ ðîçìiðíîñòi a, ÿêùî äëÿ áóäü-ÿêî¨ êóëiKr ðàäióñà r âèêîíó¹òüñÿ
íåðiâíiñòü µ (Kr) ≤ C (µ) ra, à ñòàëà C(µ) çàëåæèòü òiëüêè âiä µ. Íåõàé k (x, y) = 1

g(|x−y|) ,
äå g : [0,∞) → [0,∞), g(0) = 0; ïîêàçíèêè ðîçòÿãóâàííÿ ôóíäàìåíòàëüíî¨ ôóíêöi¨ 0 <
γg ≤ δg < n i g çðîñòà¹. Äëÿ ìiðè µ ïîçíà÷èìî ñèìâîëîì Hg

E(µ) ïðîñòið ôóíêöié u, ïîäàíèõ
ó âèãëÿäi

u(y) =

∫
k(x, y)f(x)dx,

äå ôóíêöiÿ f ∈ EX .

Ïîêëàäåìî u∗∗ν (t) = 1
t

t∫
0

u∗ν(τ)dτ . Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà. Íåõàé X = Y = Rn, µ ¹ ìiðà ðîçìiðíîñòi a, ìiðà ν � ðîçìiðíîñòi b,
0<γg≤ δg < a. Íåõàé φ(t) = t

g
(

(t)
1
a

) äëÿ t > 0 i φ(0) = 0, GX � òàêèé ñèìåòðè÷íèé

ïðîñòið ç íîðìîþ ‖f‖GX :=
∥∥f ∗µ∥∥Ḡ(0,∞)

, ùî äëÿ ãðàíèöü ðîçòÿãóâàííÿ ôóíäàìåíòàëüíî¨

ôóíêöi¨ φḠ ïðîñòîðó Ḡ(0,∞) âèêîíó¹òüñÿ íåðiâíiñòü

δφ < γφḠ ≤ δφḠ < 1.

Òîäi iñíó¹ òàêà ñòàëà C > 0, ùî äëÿ âñÿêî¨ f ∈ GX âèêîíó¹òüñÿ íåðiâíiñòü∥∥∥[g (t 1
a

)]
t−1(u)∗∗

(
t
b
a

)∥∥∥
Ḡ(0,∞)

≤ C ‖f ∗(t)‖Ḡ(0,∞) .

Íàñëiäîê. Íåõàé X = Y = Rn, µ ¹ ìiðà ðîçìiðíîñòi a, ìiðà ν � ðîçìiðíîñòi b;
g(t) = tn−α, äå 0 < α < n. Íåõàé Lp(0,∞), äå p > 1 � ïðîñòið Ëåáåãà i Lq,p(0,∞) � ïðîñòið

ôóíêöié h(t) ç íîðìîþ ‖h‖Lq,p(0,∞) =

{
q−2(q − 1)

∞∫
0

[h∗∗(t)]p t
p
q
−1dt

} 1
p

. ßêùî LXp = Lp(X) òà

LYq,p(Y ) � ïðîñòîðè âiäïîâiäíî ç íîðìàìè ‖f‖LXp :=
∥∥f ∗µ∥∥Lp(0,∞)

òà ‖u‖LYq,p := ‖u∗ν‖Lq,p(0,∞)
, i

n− α = a
p′

+ b
q
(p′ = p

p−1
), òî iñíó¹ òàêà ñòàëà C > 0, ùî äëÿ âñÿêî¨ f ∈ LXp âèêîíó¹òüñÿ

íåðiâíiñòü
‖u∗ν‖Lq,p(0,∞)

≤ C
∥∥f ∗µ(t)

∥∥
Lp(0,∞)

.
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Çàäà÷à Êîøi i À-äåôîðìàöiÿ ïîâåðõíi çi
ñòàöiîíàðíèì ñåðåäíiì ãåîäåçè÷íèì ñêðóòîì

Ò.Þ. Ïîäîóñîâà1, Í.Â. Âàøïàíîâà2

1Îäåñüêà äåðæàâíà àêàäåìiÿ áóäiâíèöòâà òà àðõiòåêòóðè, ì. Îäåñà
2Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié, ì. Îäåñà

tatyana_top@mail.ru
Âiäîìî [1], ùî íà áóäü-ÿêié ðåãóëÿðíié ïîâåðõíi S ó äîâiëüíié òî÷öi iñíó¹ ñåðåäíié

ãåîäåçè÷íèé ñêðóò, ÿêèé ìà¹ ïðåäñòàâëåííÿ

2H̃ =
ρ11g22 − 2ρ12g12 + ρ22g11

g11g22 − g2
12

,

äå gαβ, ραβ-êîåôiöi¹íòè ïåðøî¨ òà ÷åòâåðòî¨ êâàäðàòè÷íèõ ôîðì S âiäïîâiäíî.
Îá'¹êòîì äîñëiäæåííÿ ¹ À-äåôîðìàöiÿ ðåãóëÿðíî¨ ïîâåðõíi, çàäàíà ó E3-ïðîñòîði ðiâ-

íÿííÿì r = r(x1, x2), ùî íå çìiíþ¹ ñåðåäíié ãåîäåçè÷íèé ñêðóò.
Ìàòåìàòè÷íà ìîäåëü öi¹¨ çàäà÷i: äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ÷àñòèí-

íèìè ïîõiäíèìè âiäíîñíî íåâiäîìî¨ ôóíêöi¨ µ(x1, x2) ∈ C2:

ρkα
∂µ

∂xk∂xα
+

((
H

K

)
α

cαsbks +
Hα

K
cksbαs − ρsαΓksα

)
∂µ

∂xk
+

(
Hk

K

)
,α

cαsbksµ = 0.

Îòðèìàíî íàñòóïíèé ðåçóëüòàò.
Òåîðåìà. Áóäü-ÿêà ðåãóëÿðíà ïîâåðõíÿ S êëàñó C4 íåíóëüîâèõ ïîâíî¨ òà ñåðåäíüî¨

êðèâèí áåç îìáiëi÷íèõ òî÷îê ïðè íàñòóïíèõ óìîâàõ [2]

µ|x2=g(x1) = ϕ(x1),
∂µ

∂x2
|x2=g(x1) = F (x1)

äîïóñêà¹ íåòðèâiàëüíi À-äåôîðìàöi¨ iç ñòàöiîíàðíèì ñåðåäíiì ãåîäåçè÷íèì ñêðóòîì. Òåí-
çîðíi ïîëÿ âèðàæàþòüñÿ ÷åðåç äâi äîâiëüíi ôóíêöi¨ êîæíà âiä îäíi¹¨ çìiííî¨ òà ôóíêöiþ
µ(x1, x2) ∈ C2(µ 6= 0), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

∂µ

∂x1∂x2
+ a

∂µ

∂x1
+ b

∂µ

∂x2
+ cµ = 0,

äå a, b, c-âiäîìi ôóíêöi¨ òî÷êè ïîâåðõíi.
Íàñëiäîê. Ïðè íåòðèâiàëüíié À-äåôîðìàöi¨ ðåãóëÿðíî¨ ïîâåðõíi áåç îìáiëi÷íèõ òî-

÷îê iç ñòàöiîíàðíèì ñåðåäíiì ãåîäåçè÷íèì ñêðóòîì çáåðiãàþòüñÿ äîâæèíè ëiíié ãåîäå-
çè÷íîãî ñêðóòó.

Ñëiä âiäçíà÷èòè, ùî êîæíà íåòðèâiàëüíà À-äåôîðìàöiÿ ïîâåðõíi, ùî íå çìiíþ¹ ñå-
ðåäíié ãåîäåçè÷íèé ñêðóò, îïèñó¹ áåçìîìåíòíèé íàïðóæåíèé ñòàí ðiâíîâàãè îáîëîíêè ç
ïîâåðíåâèì íàâàíòàæåííÿì

X =

(
ραβ

∂µ

∂xα
+Hαc

βαµ

)
rβ.

Çíàéäåíî ãåîìåòðè÷íèé çìiñò ôóíêöi¨ µ(x1, x2).
Ïðîâåäåíà iëþñòðàöiÿ ðåçóëüòàòiâ íà êîíêðåòíèõ ïðèêëàäàõ.
1. Âàøïàíîâà Ò.Þ., Áåçêîðîâàéíà Ë.Ë. LGT-ñiòêà ïîâåðõíi òà ¨¨ âëàñòèâîñòi // Âiñíèê Êè-

¨âñüêîãî íàö. óí-òó iì. Ò. Øåâ÷åíêà. Ñåðiÿ: Ôiç.-ìàò. íàóêè íàóêè. � 2010. � 2. � Ñ. 7�11.
2. Êîøëÿêîâ Í.Ñ., Ãëèíåð Ý.Á., Ñìèðíîâ Ì.Ì. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ìàòåìà-

òè÷åñêîé ôèçèêè. � Ìîñêâà: Âûñøàÿ øêîëà, 1970. � 712 ñ.
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Ïðî îêðóæíiñíó ñïëàéí-iíòåðïîëÿöiþ
ïëîñêèõ êðèâèõ

Î.Â. Ïîëÿêîâ, Î.Ì. Âàêàð÷óê
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

ov_polyakov@mail.ru, alexeyvakarchuk@yandex.ua

Ïèòàííÿ íàáëèæåííÿ ïëîñêèõ êðèâèõ ïîëiíîìiàëüíèìè êðèâèìè òà ñïëàéí-êðèâèìè,
óòâîðåíèìè çà äîïîìîãîþ äóã êië, â ðiçíèé ÷àñ âèâ÷àëèñü Áë. Ñåíäîâèì, Â. Ïîïîâèì,
Ì. Ã. Íiêîë÷åâîþ, Þ.Ñ. Çàâ'ÿëîâèì, Â.Î. Ëåóñîì, Â.À. Ñêîðîñï¹ëîâèì òà iíøèìè.

Íåõàé γ � çàìêíåíà ãëàäêà îïóêëà êðèâà, ÿêà ïðîõîäèòü ÷åðåç òî÷êè P0, P1, ..., Pn
(P0=Pn); PjPj+1 � âiäðiçîê, ùî ç'¹äíó¹ òî÷êè Pj òà Pj+1, |PjPj+1| � éîãî äîâæèíà; β2j òà
β2j+1 (j = 0, 1, . . . , n−1) � ãîñòði êóòè ìiæ äîòè÷íèìè äî γ â òî÷êàõ Pj òà Pj+1 âiäïîâiäíî i
ïðÿìîþ, ÿêà ïðîõîäèòü ÷åðåç íèõ. Çàïðîïîíîâàíî íîâèé ïiäõiä äî ïîáóäîâè ãëàäêî¨ iíòåð-
ïîëÿöiéíî¨ êðèâî¨ λ(γ), ùî ñêëàäà¹òüñÿ iç äóã êië i ïðîõîäèòü ÷åðåç òî÷êè P0, P1, ..., Pn−1

òà ìà¹ â íèõ òi æ äîòè÷íi, ùî i êðèâà γ. Òàêîæ îá÷èñëåíî îöiíêè ïîõèáîê iíòåðïîëÿöi¨ ó
õàóñäîðôîâié ìåòðèöi ρH . Íàâåäåìî îäèí ç îòðèìàíèõ ðåçóëüòàòiâ.

Íåõàé l(PjPj+1) (j = 0, 1, . . . , n − 1) � äîâæèíà íàéìåíøî¨ äóãè, ùî ç'¹äíó¹ òî÷êè Pj
òà Pj+1; l(γ) � äîâæèíà êðèâî¨ γ;

max {l(PjPj+1)/|PjPj+1| : j = 0, 1, ..., n− 1} ≤ k, (1)

äå k > 1 äåÿêå çàäàíå ÷èñëî.
Ââàæà¹ìî, ùî íà êðèâié γ çàäàíà íàòóðàëüíà ïàðàìåòðèçàöiÿ, òîáòî γ ìà¹ ïàðàìå-

òðè÷íå ðiâíÿííÿ x = x(s), y = y(s), äå 0 ≤ s ≤ l(γ). Íåõàé ôóíêöi¨ x òà y ¹ íåïåðåðâíî
äèôåðåíöiéîâàíèìè íà [0, l(γ)]. Ïîçíà÷èìî

|∆n(γ)| = max {|PjPj+1| : j = 0, 1, ..., n− 1} ;

G(γ) =
{(

max
{
|x‘(s)| : 0 ≤ s ≤ l(γ)

})2
+
(
max

{
|y‘(s)| : 0 ≤ s ≤ l(γ)

})2
}1/2

;

F (t, τ) = tg(t)/(1 + sec(t) + tg(t) cosec(τ) + tg(t) ctg(τ));

K = max {F (β2j, β2j+1) : j = 0, 1, ..., n− 1}+G(γ)k.

Òåîðåìà. Íåõàé γ � äîâiëüíà çàìêíåíà ãëàäêà îïóêëà êðèâà íà ïëîùèíi i ¨¨ ðîçáèòòÿ
íà n ÷àñòèí òî÷êàìè P0, P1, ..., Pn (P0 = Pn) çàäîâîëüíÿ¹ óìîâó (1). Òîäi âiäõèëåííÿ γ âiä
iíòåðïîëÿöiéíî¨ êðèâî¨ λ(γ) ó õàóñäîðôîâié ìåòðèöi çàäîâîëüíÿ¹ íåðiâíîñòi

ρH(γ;λ(γ)) ≤ K · |∆n(γ)|.

1. Çàâüÿëîâ Þ.Ñ., Ëåóñ Â.À., Ñêîðîñïåëîâ Â.À. Ñïëàéíû â èíæåíåðíîé ãåîìåòðèè. � Ìîñêâà:
Ìàøèíîñòðîåíèå, 1985. � 220 ñ.

2. Íèêîë÷åâà Ì.Ã. Àïïðîêñèìàöèÿ êðèâûõ íà ïëîñêîñòè // Òðóäû Ìåæäóíàðîäíîé êîíôå-
ðåíöèè ïî êîíñòðóêòèâíîé òåîðèè ôóíêöèé, Âàðíà, 1�5 èþíÿ 1981 ã. � Ñîôèÿ: Áîëã. ÀÍ,
1983. � Ñ. 115�117.

3. Ñåíäîâ Áë., Ïîïîâ Â.À. Àïïðîêñèìàöèÿ êðèâûõ â ïëîñêîñòè ïîëèíîìèàëüíûìè êðèâûìè
// Äîêëàäû Áîëã. ÀÍ. � 1970. � 23, � 6. � Ñ. 639�642.
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Ïðî ñåðåäíüîêâàäðàòè÷íi íàáëèæåííÿ âåéâëåòàìè
Øåíîíà-Êîòåëüíèêîâà

Î.Â. Ïîëÿêîâ
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

ov _polyakov@mail.ru

Íåõàé L2(R) � ïðîñòið âèìiðíèõ, ñóìîâíèõ â êâàäðàòi íà R ôóíêöié çi çâè÷àéíîþ
íîðìîþ ‖f‖2.

Ìîäóëåì ãëàäêîñòi m-ãî ïîðÿäêó áóäåìî íàçèâàòè âåëè÷èíó

ωm(f ; t) = sup
|u|≤t

∥∥∥ m∑
j=0

(−1)m−jCj
mf(x+ jh

∥∥∥
2
.

Âiäìiòèìî, ùî ω1(f ; t) = ω(f ; t) .
Áóäåìî ðîçãëÿäàòè ïîñëiäîâíiñòü ïiäïðîñòîðiâ {Vk}k∈Z ïðîñòîðó L2(R), ÿêó íàçèâàþòü

êðàòíîìàñòàáíèì àíàëiçîì (ÊÌÀ) (âiäïîâiäíi îçíà÷åííÿ äèâ, íàïðèêëàä, [1]).
Íåõàé çàäàíî ÊÌÀ, {Vk}k∈Z ÿêèé ïîðîäæó¹òüñÿ ìàñøòàáíîþ ôóíêöi¹þ ϕ(t)= sinπt

πt
. Öåé

ÊÌÀ ïîðîäæó¹ îðòîíîðìîâàíi âåéâëåòèØåíîíà-Êîòåëüíèêîâà ψs(t)=2ϕs(2t−1)−ϕs(t−1
2
).

Äëÿ k ∈ Z ïîêëàäåìî
E (f ;Vk)2 = inf

h∈Vk
‖f − h‖2

Â ðîáîòi [1], âèêîðèñòîâóþ÷è ðåçóëüòàòè Ì. I. ×åðíèõà, áóëî äîâåäåíî, ùî äëÿ áóäü-ÿêî¨
ôóíêöi¨ f ∈ L(R), ÿêà íå ¹ êîíñòàíòîþ (ç òî÷íiñòþ äî ìíîæèíè ìiðè íóëü), i áóäü-ÿêîãî
íàòóðàëüíîãî n ìà¹ ìiñöå íåðiâíiñòü

E (f ;Vn−1)2 <
1√
2
ω

(
f ;

1

2n

)
2

. (1)

Ïðè öüîìó êîíñòàíòà â ïðàâié ÷àñòè íåðiâíîñòi (1) çìåíøåíà áóòè íå ìîæå.
Ïðîïîíó¹ìî íàñòóïíi ðåçóëüòàòè
Òåîðåìà. Äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ L2(R), ÿêà íå ¹ êîíñòàíòîþ (ç òî÷íiñòþ äî

ìíîæèíè ìiðè íóëü), i áóäü-ÿêèõ íàòóðàëüíèõ n i m ìà¹ ìiñöå íåðiâíiñòü

E (f ;Vn−1)2 ≤
1

2
m
2

(
2n−1π

∫ 1
2n

0

ω
2
m
m (f ; t)2 sin(2nπu)du

)m
2

. (2)

E (f ;Vn−1)2 <
1

2
m
2

ωm

(
f ;

1

2n

)
2

. (3)

.
Öi íåðiâíîñòi ¹ äåÿêèìè àíàëîãàìè íåðiâíîñòåé, ÿêi âñòàíîâëåíi Â.Â. Øàëà¹âèì â ïå-

ðiîäè÷íîìó âèïàäêó.

1. Áàáåíêî Â.Ô., Æèãàíîâà Ã.Ñ., Íîâèêîâà Ë.Ñ. Î íåðàâåíñòâàõ òèïà Äæåêñîíà äëÿ íàèëó-
÷øèõ L2-ïðèáëèæåíèé ïðè ïîìîùè âåéâëåò // Âiñíèê Äíiïðîïåòðîâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó. Ñåðiÿ Ìàòåìàòèêà. � 2006. � Ñ. 3�8.
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Ïðî ðiâíîìiðíó çáiæíiñòü ðÿäiâ Ôóð'¹ äî (ψ, β)
ïîõiäíèõ

Îëåíà Ðàäçi¹âñüêà
Íàöiîíàëüíèé óíiâåðñèòåò õàð÷îâèõ òåõíîëîãié, ì. Êè¨â

radzl58@mail.ru

Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòó ðîáîòè íàâåäåìî íåîáõiäíi îçíà÷åííÿ. Íåõàé Lp � ïðî-
ñòið âèìiðíèõ 2π-ïåðiîäè÷íèõ ôóíêöié f(x), äëÿ ÿêèõ∫ 2π

0

|f(x)|pdx <∞,

äå p ôiêñîâàíå i 1 < p <∞;
En(f)p � íàéêðàùå íàáëèæåííÿ ó ìåòðèöi ïðîñòîðó Lp ôóíêöi¨ f òðèãîíîìåòðè÷íèìè

ïîëiíîìàìè ïîðÿäêó íå âèùå n− 1;
÷åðåç fψβ (x) ïîçíà÷èìî (ψ, β)-ïîõiäíó ôóíêöi¨ [1, c. 25], ââàæàþ÷è ùî −∞ < β < ∞ i

ôóíêöiÿ ψ(t) > 0 ïðè t ≥ 1.
Òåîðåìà. Íåõàé ψ(t) > 0 � äîäàòíà íåçðîñòàþ÷à ôóíêöiÿ i íàéêðàùi íàáëèæåííÿ

ôóíêöi¨ f ∈ Lp çàäîâîëüíÿþòü óìîâó

∞∑
k=1

k
1
p
Ek(f)p
kψ(k)

<∞.

Òîäi ó ôóíêöi¨ iñíó¹ íåïåðåðâíà (ψ, β)-ïîõiäíà, ðÿä Ôóð'¹ ÿêî¨ çáiãà¹òüñÿ äî íå¨ ðiâíîìið-
íî.

1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèÿ ïåðèîäè÷åñêèõ ôóíêöié. � Êèåâ: Íàóêîâà
äóìêà, 1987. � 268 ñ.
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Åíòðîïiéíi ÷èñëà i ïîïåðå÷íèêè êëàñiâ ïåðiîäè÷íèõ
ôóíêöié äâîõ çìiííèõ ó ïðîñòîði L∞

À.Ñ. Ðîìàíþê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
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Ó äîïîâiäi ìîâà áóäå éòè ïðî òî÷íi çà ïîðÿäêîì îöiíêè åíòðîïiéíèõ ÷èñåë, êîëìîãîðîâ-

ñüêèõ òà ëiíiéíèõ ïîïåðå÷íèêiâ êëàñiâ ïåðiîäè÷íèõ ôóíêöié äâîõ çìiííèõBr
p, θ Íiêîëüñüêîãî�

Á¹ñîâà [1] ó ïðîñòîði L∞.
Íåõàé X � áàíàõiâ ïðîñòið i BX (y,R) � êóëÿ â X ðàäióñà R ç öåíòðîì ó òî÷öi y, òîáòî

BX (y,R) = {x ∈ X : ‖x− y‖ ≤ R}.

Äëÿ êîìïàêòíî¨ ìíîæèíè V ⊂ X ¨ ¨ åíòðîïiéíi ÷èñëà îçíà÷àþòüñÿ òàêèì ÷èíîì [2]

εk(V,X ) = inf { ε : ∃y1, . . . , y2k ∈ X : V ⊆
2k⋃
j=1

BX (yj, ε)}.

Êîëìîãîðîâñüêèì ïîïåðå÷íèêîì öåíòðàëüíî-ñèìåòðè÷íî¨ ìíîæèíè W ó ïðîñòîði X
íàçèâà¹òüñÿ âåëè÷èíà [3]

dM(W,X ) = inf
LM

sup
w∈W

inf
u∈LM

‖w − u‖X ,

äå LM � ïiäïðîñòîðè ðîçìiðíîñòi M ïðîñòîðó X .
Ëiíiéíèé ïîïåðå÷íèê öåíòðàëüíî-ñèìåòðè÷íî¨ ìíîæèíè W ó ïðîñòîði X âèçíà÷à¹òüñÿ

çà ôîðìóëîþ [4]
λM(W,X ) = inf

A
sup
w∈W
‖w − Aw‖X ,

äå iíôiìóì áåðåòüñÿ ïî âñiõ ëiíiéíèõ îïåðàòîðàõ A, ùî äiþòü â X i ðîçìiðíiñòü îáëàñòi
çíà÷åíü ÿêèõ íå ïåðåâèùó¹ M .

Íåõàé Lq � ïðîñòið ôóíêöié äâîõ çìiííèõ 2π-ïåðiîäè÷íèõ çà êîæíîþ çìiííîþ i çi ñêií-
÷åííîþ íîðìîþ, ÿêà âèçíà÷à¹òüñÿ ñòàíäàðòíèì ÷èíîì.

Ñïðàâåäëèâi òàêi òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé 2 ≤ p <∞, 2 ≤ θ <∞, r = (r1, r1), r1 >

1
2
. Òîäi

εM(Br
p, θ, L∞) � dM(Br

p, θ, L∞) �M−r1(logM)r1+1− 1
θ .

Òåîðåìà 2. Íåõàé 1 ≤ θ <∞, r = (r1, r1), r1 > 0. Òîäi

εM(Br
∞,θ, L∞) � dM(Br

∞,θ, L∞) � λM(Br
∞,θ, L∞) �M−r1(logM)r1+1− 1

θ .
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Ìàòåìàòè÷åñêîå îïèñàíèå íåïðåðûâíûõ ïðîöåññîâ ñ êðàòêîâðåìåííûìè âîçìóùåíèÿ-
ìè, äëèòåëüíîñòüþ êîòîðûõ ìîæíî ïðåíåáðå÷ü, ïðèâîäèò ê èçó÷åíèþ êðàåâûõ çàäà÷ äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì [1�3]. Èññëåäî-
âàíèå äèñêðåòíûõ ïðîöåññîâ ïðèâîäèò ê èçó÷åíèþ êðàåâûõ çàäà÷ äëÿ ðàçíîñòíûõ óðàâíå-
íèé [4�6]. Ïðåäëàãàåìàÿ ãèáðèäíàÿ äèôôåðåíöèàëüíî-ðàçíîñòíàÿ ñèñòåìà ñîäåðæèò íåè-
çâåñòíóþ êóñî÷íî-íåïðåðûâíîãî àðãóìåíòà, à òàêæå íåèçâåñòíóþ äèñêðåòíîãî àðãóìåíòà,
äëÿ íàõîæäåíèÿ êîòîðûõ ïðåäëîæåíà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé, ñîäåðæàùàÿ íåèçâåñòíóþ äèñêðåòíîãî àðãóìåíòà, è ñèñòåìà ðàçíîñòíûõ óðàâíåíèé,
ñîäåðæàùàÿ íåèçâåñòíóþ êóñî÷íî-íåïðåðûâíîãî àðãóìåíòà.

Èññëåäóåì çàäà÷ó î íàõîæäåíèè óñëîâèé ñóùåñòâîâàíèÿ è ïîñòðîåíèè ðåøåíèé

x(t) ∈ Rn, t ∈ Ω ∪Θ, Ω := [a, τ1[∪[τp1 , τp1+1[∪... ∪ [τpq , τpq+1] ⊂ [a, b], a := τ0 := τp0 ,

y(k) := y(τk) ∈ Rm, τk ∈ Θ := {a, τ1, τ2 , ... , τp1 , τp1+1 , ... , τp2 , τp2+1, ... , b}, τpq+1 := b

ãèáðèäíîé íåòåðîâîé (m+ n 6= µ+ ν) äèôôåðåíöèàëüíî-ðàçíîñòíîé êðàåâîé çàäà÷è

x′(t) = A(t, k)x(t) +B(t, k)y(k) + ϕ(t, k), t ∈ Ω, (1)

y(k + 1) = C(k)x(k) +D(k)y(k) + ψ(k), τk ∈ Θ, (2)

∆x(τpi+1, τpi+1
) := Sτpi+1 x(τpi+1 − 0) + bτpi+1 , `x(·) = α ∈ Rµ, ℘ y(·) = β ∈ Rν . (3)

Ïåðâóþ êîìïîíåíòó èñêîìîãî ðåøåíèÿ x(t) ∈ C1[ΩI ] êðàåâîé çàäà÷è (1)�(3) èùåì â êëàññå
íåïðåðûâíî äèôôåðåíöèðóåìûõ íà ìíîæåñòâå Ω ⊂ [a, b] ôóíêöèé çà èñêëþ÷åíèåì òî÷åê
τ1, τp1+1, τp2+1, .... , τpq−1 , â êîòîðûõ èñêîìûå ðåøåíèÿ x(t) ìîãóò ïðåòåðïåâàòü îãðàíè-
÷åííûå ðàçðûâû

∆x(τpi+1, τpi+1
) := x(τpi+1

)− x(τpi+1 − 0) ≤ ρ, i = 0, 1, 2, .... , q − 1.

Âòîðóþ êîìïîíåíòó èñêîìîãî ðåøåíèÿ y(k) ∈ Rm, τk ∈ Θ íåòåðîâîé êðàåâîé çàäà÷è (1)�(3)
èùåì ñðåäè îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé. Ìàòðèöû

A(t, k) ∈ Rn×n, B(t, k) ∈ Rn×m,

à òàêæå âåêòîð-ôóíêöèþ ϕ(t, k) ∈ Rn ïðåäïîëàãàåì íåïðåðûâíûìè ïî ïåðâîìó è âòîðîìó
àðãóìåíòó íà îòðåçêå [a, b]. Ìàòðèöû C(k) ∈ Rm×n, D(k) ∈ Rm×m, Sτi ∈ Rm×m è âåêòîð-
ôóíêöèþ ψ(k) ∈ Rm ïðåäïîëàãàåì îãðàíè÷åííûìè íà ìíîæåñòâå Θ ôóíêöèÿìè, `x(·) �
ëèíåéíûé îãðàíè÷åííûé âåêòîðíûé ôóíêöèîíàë: `x(·) : C1[ΩI ] → Rµ, ℘ y(·) � ëèíåéíûé
îãðàíè÷åííûé âåêòîðíûé ôóíêöèîíàë, îïðåäåëåííûé íà ïðîñòðàíñòâå îãðàíè÷åííûõ íà
ìíîæåñòâå Θ âåêòîð-ôóíêöèé:

℘ y(·) : {y(k) : Θ→ Rm} → Rν , µ 6= ν.

Ïîñòàâëåííàÿ ãèáðèäíàÿ êðàåâàÿ çàäà÷à (1)�(3) ÿâëÿåòñÿ îáîáùåíèåì êðàåâûõ çàäà÷
äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì [1�3, 7, 8],
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êðàåâûõ çàäà÷ äëÿ ðàçíîñòíûõ óðàâíåíèé [4�6], à òàêæå ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ
ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé [3].

Íàìè ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ ðåøåíèé çàäà÷è Êîøè äëÿ ãèáðèäíîé ñèñòåìû
äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé (1), (2), à òàêæå óñëîâèÿ ðàçðåøèìîñòè è ñõåìà
ïîñòðîåíèÿ ðåøåíèé ëèíåéíîé íåòåðîâîé êðàåâîé çàäà÷è äëÿ ãèáðèäíîé ñèñòåìû äèôôå-
ðåíöèàëüíî - ðàçíîñòíûõ óðàâíåíèé (1)�(3) â êðèòè÷åñêîì è íåêðèòè÷åñêîì ñëó÷àå.

Ïîñêîëüêó ìíîæåñòâî Ω ∪ Θ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìíîæåñòâà òèïà "time scale" ,
ïîñòîëüêó ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïîëó÷åíû àíàëîãè÷íî [9, 10]. Ñõåìà èññëå-
äîâàíèÿ ãèáðèäíûõ êðàåâûõ çàäà÷ äëÿ ñèñòåì äèôôåðåíöèàëüíî-ðàçíîñòíîé óðàâíåíèé
ìîæåò áûòü ïåðåíåñåíà íà çàäà÷è î áèôóðêàöèÿ ðåøåíèé êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëü-
íî-ðàçíîñòíûõ ñèñòåì ñ èìïóëüñíûì âîçäåéñòâèåì [3], íà ãèáðèäíûå äèôôåðåíöèàëüíî-
ðàçíîñòíûå êðàåâûå çàäà÷è äëÿ ñèñòåì ñ èìïóëüñíûì âîçäåéñòâèåì áîëåå îáùåãî âèäà [7,
8], ìàòðè÷íûå äèôôåðåíöèàëüíî-ðàçíîñòíûå êðàåâûå çàäà÷è äëÿ ñèñòåì ñ èìïóëüñíûì
âîçäåéñòâèåì [11�14], à òàêæå � íà íà ãèáðèäíûå äèôôåðåíöèàëüíî-ðàçíîñòíûå êðàåâûå
çàäà÷è äëÿ ñèñòåì ñ èìïóëüñíûì âîçäåéñòâèåì â àáñòðàêòíûõ ïðîñòðàíñòâàõ [3, 15].
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Íåõàé Lp, 1 ≤ p < ∞, � ïðîñòið 2π�ïåðiîäè÷íèõ ñóìîâíèõ ó p�ìó ñòåïåíi íà [0, 2π)

ôóíêöié ç íîðìîþ ‖ϕ‖p =

(
2π∫
0

|ϕ(t)|pdt
)1/p

, à L∞ � ïðîñòið 2π�ïåðiîäè÷íèõ âèìiðíèõ i

ñóòò¹âî îáìåæåíèõ ôóíêöié ç íîðìîþ ‖ϕ‖ = ess sup
t
|ϕ(t)|.

×åðåç Cα,r
β,p , α > 0, r > 0, 1 ≤ p ≤ ∞, β ∈ R, ïîçíà÷èìî ìíîæèíó 2π�ïåðiîäè÷íèõ

ôóíêöié f(x), ÿêi ïðè âñiõ x ∈ R çîáðàæóþòüñÿ çãîðòêîþ

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Pα,r,β(t)dt, a0 ∈ R, ϕ⊥1, ‖ϕ‖p ≤ 1, (1)

ç ôiêñîâàíèì ÿäðîì Pα,r,β(t) âèãëÿäó

Pα,r,β(t) =
∞∑
k=1

e−αk
r

cos

(
kt− βπ

2

)
, r > 0, α > 0, β ∈ R. (2)

Ôóíêöiþ f ó ðiâíîñòi (1) íàçèâàþòü óçàãàëüíåíèì iíòåãðàëîì Ïóàññîíà ôóíêöi¨ ϕ, à ÿäðî
Pα,r,β âèãëÿäó (2) � óçàãàëüíåíèì ÿäðîì Ïóàññîíà.

Äëÿ áóäü�ÿêî¨ ôóíêöi¨ f ∈ Cα,r
β,p ÷åðåç S̃n−1(f ;x), n ∈ N, ïîçíà÷èìî òðèãîíîìåòðè÷íèé

ïîëiíîì ïîðÿäêó n − 1, ÿêèé iíòåðïîëþ¹ f ïî ñèñòåìi ðiâíîìiðíî ðîçïîäiëåíèõ âóçëiâ
x

(n−1)
k = 2kπ

2n−1
, k ∈ Z, òîáòî òàêèé, ùî S̃n−1(f ;x

(n−1)
k ) = f(x

(n−1)
k ), k ∈ Z.

Ðîçãëÿäà¹òüñÿ àïðîêñèìàòèâíà õàðàêòåðèñòèêà

Ẽn(Cα,r
β,p ;x) = sup

f∈Cα,rβ,p

∣∣∣f(x)− S̃n−1(f ;x)
∣∣∣ , x ∈ R (3)

i äîñëiäæó¹òüñÿ ïèòàííÿ ïðî àñèìïòîòè÷íó ïîâåäiíêó âåëè÷èí (3) ïðè n→∞ ó âèïàäêó,
êîëè r ∈ (0, 1), α > 0, 1 ≤ p <∞ i β ∈ R.

Òåîðåìà. Íåõàé r ∈ (0, 1), α > 0, 1 ≤ p < ∞ i β ∈ R. Òîäi äëÿ âñiõ x ∈ R ïðè p = 1
ìà¹ ìiñöå àñèìïòîòè÷íà ïðè n→∞ ðiâíiñòü

Ẽn(Cα,r
β,1 ;x) = e−αn

r

n1−r
∣∣∣∣sin 2n− 1

2
x

∣∣∣∣
(

2

παr
+

O(1)

nmin{r,1−r}

)
, (4)

à ïðè 1 < p <∞ � ðiâíiñòü

Ẽn(Cα,r
β,p ;x) = e−αn

r

n
1−r
p

∣∣∣∣sin 2n− 1

2
x

∣∣∣∣
(

2‖ cos t‖p′
π

1+ 1
p′ (αr)

1
p

F

(
1

2
,
3− p′

2
;
3

2
; 1

) 1
p′

+
O(1)

nmin{r, 1−r
p
}

)
, (5)

â ÿêié F (a, b; c; z) � ãiïåðãåîìåòðè÷íà ôóíêöiÿ Ãàóññà, 1
p

+ 1
p′

= 1. Ó ôîðìóëàõ (4) i (5)
O(1) � âåëè÷èíè, ùî ðiâíîìiðíî îáìåæåíi ïî x, n i β.

Íàâåäåíà òåîðåìà äîïîâíþ¹ ðåçóëüòàòè ðîáiò [1]�[3], â ÿêèõ áóëî çíàéäåíî ñèëüíó àñèì-
ïòîòèêó âåëè÷èí (3) ïðè x ∈ R, β ∈ R i α > 0 ó âèïàäêàõ, êîëè r ≥ 1 i 1 ≤ p ≤ ∞ òà êîëè
r ∈ (0, 1) i p =∞.
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Íàáëèæåííÿ êëàñiâ çãîðòîê ïåðiîäè÷íèõ ôóíêöié
ëiíiéíèìè ìåòîäàìè, ïîáóäîâàíèìè

íà îñíîâi ¨õ êîåôiöi¹íòiâ Ôóð'¹�Ëàãðàíæà
À.Ñ. Ñåðäþê, I. Â. Ñîêîëåíêî

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â
serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Íåõàé C i Lp, 1 ≤ p ≤ ∞, � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié çi ñòàíäàðòíèìè íîðìàìè
‖ · ‖C i ‖ · ‖p. Íåõàé, äàëi, ψ = ψ(k) i β̄ = βk, k = 1, 2, . . . , � äîâiëüíi ïîñëiäîâíîñòi
äiéñíèõ ÷èñåë. Ïîçíà÷èìî ÷åðåç Cψ

β̄,2
(äèâ. [1]) ìíîæèíó âñiõ 2π-ïåðiîäè÷íèõ ôóíêöié f ,

ÿêi çîáðàæóþòüñÿ çà äîïîìîãîþ çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Ψβ̄(t)dt, a0 ∈ R, ϕ ∈ B0
2 := {h ∈ L2 : ‖h‖2 ≤ 1, h ⊥ 1},

Ψβ̄ ∼
∞∑
k=1

ψ(k) cos

(
kt− βkπ

2

)
,

∞∑
k=1

ψ2(k) <∞.

Íåõàé f ∈ C i S̃n(f ;x) � òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó n, ùî iíòåðïîëþ¹
f(x) ó òî÷êàõ x

(n)
k = 2kπ/(2n+ 1), k = 0, 1, . . . , 2n, òîáòî

S̃n(f ;x) =
a

(n)
0

2
+

n∑
k=1

(a
(n)
k cos kx+ b

(n)
k sin kx),

äå a(n)
k i b(n)

k � êîåôiöi¹íòè Ôóð'¹�Ëàãðàíæà ôóíêöi¨ f (äèâ.[2, c. 128-129]).
Ðîçãëÿíåìî ëiíiéíi ïîëiíîìiàëüíi ìåòîäè íàáëèæåííÿ ôóíêöié f ç êëàñiâ Cψ

β̄,2
, ÿêi ïîáó-

äîâàíi íà îñíîâi ¨õ êîåôiöi¹íòiâ Ôóð'¹�Ëàãðàíæà a(n)
k i b(n)

k . Íåõàé Λ = ‖λ(n)
k ‖ i M = ‖µ(n)

k ‖,
n = 0, 1, . . . , k = 0, 1, . . . , � íåñêií÷åííi òðèêóòíi ìàòðèöi äiéñíèõ ÷èñåë òàêi, ùî

λ
(n)
k = 0, µ

(n)
k = 0, k = n+ 1, n+ 2, . . . ,

lim
n→∞

λ
(n)
k = 1, lim

n→∞
µ

(n)
k = 0, k = 1, 2, . . .

(1)

Ïîçíà÷èìî ÷åðåç Ũn = Ũn(Λ; M) ëiíiéíèé îïåðàòîð, ÿêèé êîæíié ôóíêöi¨ f ∈ C ñòàâèòü ó
âiäïîâiäíiñòü òðèãîíîìåòðè÷íèé ïîëiíîì âèãëÿäó

Ũn(f ;x) =
a

(n)
0

2
+

n∑
k=1

(
λ

(n)
k (a

(n)
k cos kx+ b

(n)
k sin kx) + µ

(n)
k (−b(n)

k cos kx+ a
(n)
k sin kx)

)
.
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Òåîðåìà. Íåõàé ïîñëiäîâíiñòü äiéñíèõ ÷èñåë ψ(k) òàêà, ùî
∞∑
k=1

ψ2(k) <∞, à ìàòðèöi

Λ = ‖λ(n)
k ‖ i M = ‖µ(n)

k ‖ çàäîâîëüíÿþòü óìîâè (1). Òîäi äëÿ äîâiëüíèõ β̄ = βk, βk ∈ R, i
n ∈ N ó êîæíié òî÷öi x ∈ R

Ẽn(Cψ

β̄,2
; Λ; M; x) = sup

f∈Cψ
β̄,2

|f(x)− Ũn(f ;x)| = 1√
π

(
n∑
k=1

(
(1− λ(n)

k )2 + (µ
(n)
k )2

)
ψ2(k)+

+
∞∑
m=1

m(2n+1)+n∑
k=m(2n+1)−n

((
cosm(2n+1)x−λ(n)

|k−m(2n+1)|

)2

+
(

sinm(2n+1)x+µ
(n)
|k−m(2n+1)|

)2
)
ψ2(k)

)1/2

.
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2. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. � Êèåâ: Èí�ò ìàòåìàòèêè ÍÀÍ Óêðàè-
íû, 2002. � ×.2. � 468 ñ. (Òðóäû Èí�òà ìàòåìàòèêè ÍÀÍ Óêðàèíû; T. 40).

Iíòåðôåðåíöiÿ ó âèïàäêó íàáëèæåííÿ îïåðàòîðàìè
Âàëëå Ïóññåíà ôóíêöié, âèçíà÷åíèõ íà äiéñíié îñi

�.Ñ. Ñiëií
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê

silin-evgen@meta.ua

Ó [1] Î. I. Ñòåïàíåöü çàïðîïîíóâàâ íàñòóïíå îçíà÷åííÿ êëàñiâ Ĉψ
∞. Íåõàé L̂ � ïðîñòið

ôóíêöié f , çàäàíèõ íà äiéñíié îñi R, ÿêi ìàþòü ñêií÷åííó íîðìó: ||f ||L̂ = sup
a∈R

∫ a+2π

a
|f(t)| dt,

à Ĉ � ïiäìíîæèíà íåïåðåðâíèõ ôóíêöié ç L̂. A � ìíîæèíà ôóíêöié ψ(t), ÿêi çðîñòàþòü òà
íåïåðåðâíi íà [0, 1), ψ(t) ≥ 0, ψ(0) = 0, ψ(t) îïóêëà íà [1,∞), limt→∞ ψ(t) = 0 i ψ′(t+0) ìà¹
îáìåæåíó âàðiàöiþ íà [0;∞). A′ := {ψ ∈ A :

∫∞
1
ψ(t)/t dt <∞}. Ïîêëàäåìî ψ := ψ1++iψ2−,

äå ψ1+ i ψ2− � ïàðíå òà íåïàðíå ïðîäîâæåííÿ ôóíêöié ψ1 ∈ A i ψ2 ∈ A′ âiäïîâiäíî.
ßêùî f ∈ Ĉ ìîæíî ïîäàòè ó íàñòóïíîìó âèãëÿäi:

f(x) = A+

∫
R
ϕ(x+ t)

1

2π

∫
R
ψ(s)e−istdsdt : =A+ ϕ ∗ ψ̂,

äå A � ñòàëà,
∫
R = lima→∞

∫ a
−a, ϕ : ess sup |ϕ(t)| ≤ 1, òî êàæóòü, ùî ôóíêöiÿ ϕ =: fψ ¹

ψ-ïîõiäíîþ ôóíêöi¨ f (äèâ. [1]), ïðè öüîìó ïèøóòü f ∈ Ĉψ
∞. Äëÿ f ∈ Ĉψ

∞ òàêîæ îçíà÷èìî
îïåðàòîð Âàëëå Ïóññåíà

Vσ,h(f ;x) = A+ fψ ∗ λ̂σ,hψ(x),

äå 0 < h = h(σ) < σ <∞,

λσ,h(t) =


1, 0 ≤ |t| ≤ σ − h,
σ−|t|
h
, σ − h ≤ |t| ≤ σ,

0, σ ≤ |t|.
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Ìíîæèíà A íåîäíîðiäíà âiäíîñíî øâèäêîñòi ñïàäàííÿ äî íóëÿ ôóíêöié ψ(t), òîìó
âèäiëÿþòü íàñòóïíi ïiäìíîæèíè [1]: A0 := {ψ ∈ A : 0 < t/(η(t) − t) < K1}, äå η(t) =
ψ−1

(
1
2
ψ(t)

)
òà F := {ψ ∈ A : η′(t) ≤ K2}. Òóò, i äàëi, K1, K2, . . . � äåÿêi äîäàòíi ñòàëi, ÿêi

íå çàëåæàòü âiä t.
Ïðåäìåòîì íàøîãî äîñëiäæåííÿ ¹ ñóìè

Σσ,h,m =
m∑
i=1

αi[f(x+ δi)− Vσ,h(f ;x+ δi)],

äå αi(σ) òà δi(σ) � âåëè÷èíè, ÿêi ðiâíîìiðíî îáìåæåíi ïî σ.
Òåîðåìà 1. Íåõàé ψ1 ∈ A0, ψ2 ∈ A′0, A

′
0 : =A0 ∩ A′, äiéñíi ÷èñëà σ > h ≥ 1 òàêi, ùî

0 ≤ lim
σ→∞

(h/σ) < 1, à âåëè÷èíè αi òà δi ðiâíîìiðíî îáìåæåíi ïî σ i h. Òîäi

sup
f∈Ĉψ∞

||Σσ,h,m||Ĉ = |ψ(σ)|
(

4

π2
Rm ln

σ

h
+

2

π
|
m∑
i=1

∫ ∞
σ

ψ2(t)

t
cos

(
aδi
σ

)
dt|
)

+

+O(1)|ψ(σ)|, σ →∞,

äå

Rm =

√√√√(
m∑
i=1

αi cos(σδi + γ))2 + (
m∑
i=1

αi sin(σδi + γ))2, (1)

γ = arctgψ2(σ)
ψ1(σ)

, O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ùîäî σ, h.

Òåîðåìà 2. Íåõàé ôóíêöi¨ ψi ∈ F , i = 1, 2, i çàäîâîëüíÿþòü óìîâó K3 ≤ η(ψ1;t)−t
η(ψ2;t)−t ≤ K4,

t ≥ 1, à âåëè÷èíè αi òà δi ðiâíîìiðíî îáìåæåíi ïî σ i h. Òîäi äëÿ äiéñíèõ ÷èñåë σ > h ≥ 1
òàêèõ, ùî η(ψ;σ) − σ < h

π
(â ÿêîñòi η(ψ;σ) ìîæå âèñòóïàòè η(ψ1;σ) ÷è η(ψ2;σ)) ïðè

σ →∞ òà

sup
f∈Ĉψ∞

||Σσ,h,m(f ;x;α; δ)||Ĉ =
4|ψ(σ)|
π2

Rm

∣∣∣∣ ln
η(σ)− σ

h

∣∣∣∣+O(1)(|ψ(σ − h)|), (2)

äå âåëè÷èíà Rm îçíà÷åíà ñïiââiäíîøåííÿì (1), γ = arctgψ2(σ)
ψ1(σ)

, O(1) � âåëè÷èíà, ðiâíî-

ìiðíî îáìåæåíà ùîäî σ, h. ßêùî æ η(ψ;σ) − σ > h
π
, òî (2) ìà¹ ìiñöå çà óìîâè, ùî

δi = O((η(ψ;σ)− σ)−1), i = 1,m.
Çàçíà÷èìî, ùî, çà ïåâíèõ óìîâ, Rm = 0 [2].

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. � Êèåâ: Èí�ò ìàòåìàòèêè ÍÀÍ Óêðàè-
íû, 2002. � ×.2. � 468 ñ. (Òðóäû Èí�òà ìàòåìàòèêè ÍÀÍ Óêðàèíû; T. 40).

2. Äðîçä Â.Â. Îäíîâðåìåííîå ïðèáëèæåíèå ôóíêöèé è èõ ïðîèçâîäíûõ îïåðàòîðàìè Ôóðüå â
ñðåäíåì // Îäíîâðåìåííîå ïðèáëèæåíèå ôóíêöèé è èõ ïðîèçâîäíûõ îïåðàòîðàìè Ôóðüå.
� Êèåâ, 1989. � Ñ. 46�58. � (Ïðåïð. / ÀÍ Óêðàèíû. Èí-ò ìàòåìàòèêè; 89.17).
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Íàéêðàùi áiëiíiéíi íàáëèæåííÿ óçàãàëüíåíèõ
êëàñiâ Íiêîëüñüêîãî�Á¹ñîâà ïåðiîäè÷íèõ ôóíêöié

áàãàòüîõ çìiííèõ
Ê.Â. Ñîëi÷

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê
sokava@mail.ru

Äîñëiäæóþòüñÿ îöiíêè íàéêðàùèõ áiëiíiéíèõ íàáëèæåíü êëàñiâ B Ω
p, θ ïåðiîäè÷íèõ ôóí-

êöié áàãàòüîõ çìiííèõ ó ïðîñòîði Lq ïðè äåÿêèõ ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè p, q òà
θ. Êëàñè BΩ

p,θ ⊂ Lp(πd) âèçíà÷àþòüñÿ çà äîïîìîãîþ: Ω(t), t = (t1, ..., td) ∈ Rd
+, � ìàæîðàí-

òíî¨ ôóíêöi¨ äëÿ ìîäóëÿ íåïåðåðâíîñòi l�ãî ïîðÿäêó (l ∈ N) ôóíêöi¨ f ∈ Lp(πd); ÷èñëîâèõ
ïàðàìåòðiâ p i θ, 1 ≤ p, θ ≤ ∞. Êðiì òîãî ôóíêöiÿ Ω(t) çàäîâîëüíÿ¹, òàê çâàíi, óìîâè
Áàði � Ñò¹÷êiíà (Sα) i (Sl).

Îçíà÷èìî äîñëiäæóâàíó àïðîêñèìàòèâíó õàðàêòåðèñòèêó. Íåõàé Lq(π2d), q = (q1, q2), �
ìíîæèíà ôóíêöié f(x, y), x, y ∈ R, çi ñêií÷åííîþ ìiøàíîþ íîðìîþ

‖f(x, y)‖q1,q2 = ‖ ‖f(·, y)‖q1‖q2 ,

äå íîðìà îá÷èñëþ¹òüñÿ ñïî÷àòêó â ïðîñòîði Lq1(πd) ïî çìiííié x ∈ R, à ïîòiì âiä ðåçóëüòàòó
� ïî çìiííié y ∈ R â ïðîñòîði Lq2(πd). Äëÿ êëàñó ôóíêöié F ⊂ Lq(π2d) îçíà÷èìî íàéêðàùå
áiëiíiéíå íàáëèæåííÿ ïîðÿäêó M :

τM(F )q1,q2 := sup
f∈F

inf
uj(x),vj(y)

‖f(x, y)−
M∑
j=1

uj(x)vj(y)‖q1,q2 ,

äå uj ∈ Lq1(πd), vj ∈ Lq2(πd) i τ0(f)q1,q2 := ‖f(x, y)‖q1,q2 .
Çàóâàæèìî, ùî ó âèïàäêó q1 = q2 = q áóäåìî ïèñàòè τM(F )q.
Òåîðåìà 1. Íåõàé 1 ≤ θ ≤ ∞ i Ω(t) ∈ Φα,l, α > α(p, q), äå

α(p, q) =


2d(1

p
− 1

q
)+,

1 ≤ p ≤ q ≤ 2 àáî
2 ≤ q ≤ p ≤ ∞;

max{2d
p

; d}, 2 ≤ p ≤ q ≤ ∞ àáî
1 ≤ p < 2 < q ≤ ∞.

Òîäi äëÿ M ∈ N ñïðàâåäëèâi ïîðÿäêîâi ñïiââiäíîøåííÿ

τM(BΩ
p,θ)q �


Ω(M− 1

d )M
1
p
− 1
q , 1 ≤ p ≤ q ≤ 2,

Ω(M− 1
d ),

2 ≤ p ≤ q ≤ ∞ àáî
2 ≤ q ≤ p ≤ ∞,

Ω(M− 1
d )M

1
p
− 1

2 , 1 ≤ p < 2 < q ≤ ∞.

Çàóâàæåííÿ. Ó âèïàäêó Ω(t) = tr, r > α(p, q), òåîðåìà 1 äîâåäåíà â ðîáîòi [1].

1. Ðîìàíþê À.Ñ., Ðîìàíþê Â.Ñ. Íàèëó÷øèå áèëèíåéíûå ïðèáëèæåíèÿ ôóíêöèé èç ïðî-
ñòðàíñòâ Íèêîëüñêîãî�Áåñîâà // Óêð. ìàò. æóðí. � 2012. � 64, � 5. � C. 685�697.
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Íàéêðàùå ñóìiñíå íàáëèæåííÿ ïàðè ôóíêöié ðiçíèõ
êëàñiâ

Â.À. Ñîðè÷, Í.Ì. Ñîðè÷
Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà,

Êàì'ÿíåöü-Ïîäiëüñüêèé, Óêðà¨íà
nina.sorich@gmail.com

Íåõàé L∞, C òà L � ïðîñòîðè 2π-ïåðiîäè÷íèõ âiäïîâiäíî âèìiðíèõ òà ñóòò¹âî îáìå-
æåíèõ, íåïåðåðâíèõ íà âñié îñi i ñóìîâíèõ íà (0; 2π) ôóíêöié f(·) iç íîðìàìè ‖f‖∞ =

esssup|f(x)|, ‖f‖C = max |f(x)| i ‖f‖L = ‖f‖1 =
∫ 2π

0
|f(x)|dx, à U0

∞ òà U0
1 � îäèíè÷íi êóëi

ïðîñòîðiâ L∞ òà L, åëåìåíòè ÿêèõ îðòîãîíàëüíi êîíñòàíòi.
×åðåç Br,β(t), Pqγ(t) ïîçíà÷èìî âiäîìi ÿäðà Áåðíóëëi òà Ïóàññîíà (r > 0, 0 < q < 1,

β, γ ∈ R). ×åðåç W r
β,∞ (W r

β,1), P
q
γ,∞ (P q

γ,1) ïîçíà÷èìî êëàñè çãîðòîê åëåìåíòiâ iç U0
∞ (U0

1 ) iç
ÿäðàìè Br,β(t), Pqγ(t) âiäïîâiäíî. Íåõàé∑

n
(ϕ; tn−1,i;x) = ((ϕ ∗Br,β)(x)− tn−1,1(x)) +

(
(ϕ ∗ Pqγ)(x)− tn−1,2(x)

)
,

äå ñèìâîë "∗" � çãîðòêà äâîõ ôóíêöié.
Ðîçãëÿäà¹òüñÿ çàäà÷à çíàõîäæåííÿ òî÷íèõ çíà÷åíü âåëè÷èí

En,2(U0
∞)C = sup

ϕ∈U0
∞

inf
tn−1,i

∥∥∥∑
n
(ϕ; tn−1,i;x)

∥∥∥
C
,

En,2(U0
1 )L = sup

ϕ∈U0
1

inf
tn−1,i

∥∥∥∑
n
(ϕ; tn−1,i;x)

∥∥∥
L
,

ÿêi ïðèéìåìî çà íàéêðàùå ñóìiñíå íàáëèæåííÿ êëàñiâ W r
β,∞ òà P q

γ,∞ (W r
β,1 òà P

q
γ,1) â ïðî-

ñòîði C (L).
Ïðè ïåâíèõ îáìåæåííÿõ íà ïàðàìåòðè r, β, γ ñïðàâåäëèâà ðiâíiñòü

En,2(U0
∞)C = En,2(U0

1 )L =

=
4

π

∣∣∣∣∣n−r
∞∑
ν=0

sin
[
(2ν + 1)θnπ − βπ

2

]
(2ν + 1)r+1

+
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin
[
(2ν + 1)θnπ −

γπ

2

]∣∣∣∣∣ ,
äå θn ∈ [0; 1) ¹äèíèé êîðiíü ðiâíÿííÿ

n−r
∞∑
ν=0

cos
[
(2ν + 1)θnπ − βπ

2

]
(2ν + 1)r

+
∞∑
ν=0

q(2ν+1)n cos
[
(2ν + 1)θnπ −

γπ

2

]
= 0.

Ó áàãàòüîõ âàæëèâèõ âèïàäêàõ çíà÷åííÿ âåëè÷èí En,2(U0
∞)C , En,2(U0

1 )L ìåíøi çà ñóìó
íàéêðàùèõ íàáëèæåíü êëàñiâ W r

β,∞ (W r
β,1) òà P

q
γ,∞ (P q

γ,1) îòðèìàíèõ â êëàñè÷íèõ ðîáîòàõ.

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. � Êèåâ: Èí�ò ìàòåìàòèêè ÍÀÍ Óêðàè-
íû, 2002. � ×.1. � 427 ñ. (Òðóäû Èí�òà ìàòåìàòèêè ÍÀÍ Óêðàèíû; T. 40).
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Êðèòåðié åëåìåíòà íàéêðàùîãî íàáëèæåííÿ
ôóíêöié áàãàòüîõ çìiííèõ ó ïðîñòîði Lp1,...,pn−1,1

Â.Ì. Òðàêòèíñüêà, Ì.�. Òêà÷åíêî
Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà, ì. Äíiïðî

victoria-dp@yandex.ua, mtkachenko2009@ukr.net
Íåõàé Lp1,...,pn(1 ≤ pi < ∞, 1 ≤ i ≤ n) � ïðîñòið äiéñíîçíà÷íèõ ñóìîâíèõ íà K =

I1×I2× . . .×In, äå Ii = [ai, bi], 1 ≤ i ≤ n, ôóíêöié n-çìiííèõ f(x) = f(x1, . . . , xn) iç íîðìîþ

‖f‖p1,...,pn =

∫
In

. . .

∫
I2

∫
I1

|f(x)|p1dx1


p2
p1

dx2


p3
p2

. . . dxn


1
pn

.

Ïîêëàäåìî

|f |pk,...,pi =


∫
Ii

. . .

 ∫
Ik+1

∫
Ik

|f(x)|pkdxk


pk+1
pk

dxk+1


pk+2
pk+1

. . . dxi


1
pi

,

äå 1 ≤ k < i ≤ n.
Íåõàé Hm = span{ϕ1, . . . , ϕm} äëÿ äåÿêî¨ ñèñòåìè ëiíiéíî íåçàëåæíèõ ôóíêöié

{ϕ1, . . . , ϕm} ⊂ Lp1,...,pn−1,1, (1 < pi < ∞, i = 1, 2, ..., n − 1). Òîäi åëåìåíòè ìíîæèíè Hm

(ïîëiíîìè Pm) ïîäàþòü ó âèãëÿäi

Pm =
m∑
k=1

λkϕk.

Ðîçãëÿäà¹òüñÿ âèïàäîê íàáëèæåííÿ ôóíêöié ó ìåòðèöi ïðîñòîðó Lp1,...,pn−1,1, (1<pi<∞,
i = 1, 2, ..., n− 1) ïîëiíîìàìè ç ìíîæèíè Hm.

Ââåäåìî ôóíêöiþ

G0 = |f − P ∗m|p1−1|f − P ∗m|p2−p1
p1

· ... · |f − P ∗m|pn−1−pn−2
p1,...,pn−2

|f − P ∗m|1−pn−1
p1,...,pn−1

sgn(f − P ∗m),

äå P ∗m ∈ Hm.
Ïîçíà÷èìî E∗ = {xn ∈ In : |f − P ∗m|p1,...,pn−1 = 0}.
Íåõàé f ∈ Lp1,...,pn−1,1, àëå f /∈ Hm. Òîäi ìà¹ ìiñöå òàêà òåîðåìà.
Òåîðåìà. Äëÿ òîãî ùîá ïîëiíîì P ∗m áóâ ïîëiíîìîì íàéêðàùîãî íàáëèæåííÿ äëÿ

ôóíêöi¨ f ó ìåòðèöi Lp1,...,pn−1,1 (1 < pi <∞, i = 1, 2, ..., n−1), íåîáõiäíî i äîñòàòíüî, ùîá
äëÿ áóäü-ÿêîãî ïîëiíîìà Pm ∈ Hm âèêîíóâàëàñÿ óìîâà∣∣∣∣∣∣

∫
K

Pm ·G0dx1...dxn

∣∣∣∣∣∣ ≤
∫
E∗

|Pm|p1,...,pn−1dxn.

Öÿ òåîðåìà ïîøèðþ¹ ðåçóëüòàò Ã.Ñ. Ñìèðíîâà [1] (êðèòåðié åëåìåíòà íàéêðàùîãî íà-
áëèæåííÿ â ïðîñòîði Lp,1(I1 × I2) ) íà âèïàäîê íàáëèæåííÿ ôóíêöié áàãàòüîõ çìiííèõ.

1. Ñìèðíîâ Ã.Ñ. Êðèòåðèé ïîëèíîìà íàèëó÷øåãî ïðèáëèæåíèÿ â ïðîñòðàíñòâàõ Lp,1, L1,q //
Óêð. ìàò. æóðí. � 1973. � 25, � 3. � Ñ.415�419.
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Ïðî àñèìïòîòè÷íó ïîâåäiíêó òî÷íèõ âåðõíiõ ìåæ
âiäõèëåíü áiãàðìîíi÷íèõ iíòåãðàëiâ Ïóàññîíà âiä

ôóíêöié ç êëàñiâ W r
βH

α

Þ. I. Õàðêåâè÷, I. Â. Êàëü÷óê
Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê

kharkevich.juriy@gmail.com, kalchuk_i@ukr.net

Íåõàé C � ïðîñòið 2π-ïåðiîäè÷íèõ íåïåðåðâíèõ ôóíêöié, ó ÿêîìó íîðìà çàäà¹òüñÿ çà
äîïîìîãîþ ðiâíîñòi ‖f‖C = max

t
|f(t)|.

Íåõàé r > 0 i β � ôiêñîâàíå äiéñíå ÷èñëî. ßêùî ðÿä
∞∑
k=1

kr
(
ak cos

(
kx+

βπ

2

)
+ bk sin

(
kx+

βπ

2

))
¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ ϕ ∈ L, òî öþ ôóíêöiþ íàçèâàþòü (r, β)�ïîõiäíîþ ôóíêöi¨ f
â ðîçóìiííi Âåéëÿ�Íàäÿ i ïîçíà÷àþòü ÷åðåç f rβ . Ìíîæèíó óñiõ ôóíêöié f , êîòði çàäîâîëü-
íÿþòü òàêó óìîâó, ïîçíà÷àþòü ÷åðåç W r

β [1].
ßêùî f ∈ W r

β , i ïðè öüîìó f
r
β ∈ Hα, òîáòî f rβ çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ïîðÿäêó α:

|f rβ(x+ h)− f rβ(x)| ≤ |h|α, 0 < α ≤ 1, 0 ≤ h ≤ 2π, x ∈ R,

òî êàæóòü, ùî f íàëåæèòü äî êëàñó W r
βH

α.
Âåëè÷èíó

Bδ(f ;x) =
1

π

π∫
−π

f(t+ x)

{
1

2
+
∞∑
k=1

(
1 +

k

2

(
1− e−

2
δ

)
e−

k
δ

)
cos kt

}
dt, δ > 0,

ïðèíÿòî íàçèâàòè áiãàðìîíi÷íèì iíòåãðàëîì Ïóàññîíà ôóíêöi¨ f .
Â äàíié ðîáîòi âèâ÷à¹òüñÿ àñèìïòîòè÷íà ïîâåäiíêà ïðè δ →∞ âåëè÷èí

E(W r
βH

α;Bδ)C = sup
f∈W r

βH
α

‖f(x)−Bδ(f ;x)‖C .

Òåîðåìà Íåõàé r > 0, 0 ≤ α < 1, r+α ≤ 2, β ∈ R. Òîäi ïðè δ →∞ ìà¹ ìiñöå ðiâíiñòü

E(W r
βH

α;Bδ)C =
θ(α)

δr+α
A(α, τ) +O

(
1

δ1+r
+

1

δ2

)
,

2α−1 ≤ θ(α) ≤ 1,

äå âåëè÷èíà A(α, τ) îçíà÷åíà ñïiââiäíîøåííÿì

A(α, τ) =
1

π

∞∫
−∞

|t|α
∣∣∣∣∣∣
∞∫

0

τ(u) cos

(
ut+

βπ

2

)
du

∣∣∣∣∣∣ dt
i äëÿ íå¨ ñïðàâåäëèâà îöiíêà

A(α, τ) =

{
O(1), r + α < 2,
O(ln δ), r + α = 2.

1. Nagy B. �Uber gewise Extremalfragen bei transformierten trigonometrischen Entwicklungen, I.
Periodischer Fall, Berichte der math. phys. KL. Akademie, Leipzig, 90 (1938), 103�134.
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ÏÎËÓ×ÅÍÈÅ ÎÖÅÍÎÊ ÎÁËÀÑÒÈ ÓÑÒÎÉ×ÈÂÎÑÒÈ
ÏÐÈ ÈÑÑËÅÄÎÂÀÍÈÈ ÊÂÀÄÐÀÒÈ×ÍÛÕ ÑÈÑÒÅÌ

Ä.ß. Õóñàèíîâ, Ñ.Â. Êàìðàòîâ
Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ò. Ã. Øåâ÷åíêà, ã. Êèåâ

khusainov@unicyb.kiev.ua

Îäíèì èç óíèâåðñàëüíûõ ìåòîäîâ èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé íåëèíåéíûõ
äèíàìè÷åñêèõ ñèñòåì ÿâëÿåòñÿ âòîðîé ìåòîä Ëÿïóíîâà. Îáùåïðèíÿòûì ÿâëÿåòñÿ ñâåäå-
íèå èññëåäóåìîãî ðåøåíèÿ ê íóëåâîìó ðåøåíèþ è èññëåäîâàíèå óñòîé÷èâîñòè íóëåâîãî
ïîëîæåíèÿ ðàâíîâåñèÿ. Â òî æå âðåìÿ, áûâàåò, ÷òî íåëèíåéíàÿ ñèñòåìà íå èìååò íóëåâîãî
ðåøåíèÿ, à èìååòñÿ íåêîòîðàÿ îáëàñòü, íàõîäÿùàÿñÿ â îêðåñòíîñòè íà÷àëà êîîðäèíàò, êî-
òîðàÿ ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâîé. È òðåáóåòñÿ ïðîâåñòè îöåíêó ýòîé îáëàñòè. Â
÷àñòíîñòè, çíà÷èòåëüíîå ÷èñëî "ñòðàííûõ àòòðàêòîðîâ" ïðåäñòàâëÿþò ñîáîé àñèìïòîòè÷å-
ñêè óñòîé÷èâûå ìíîæåñòâà, íàõîäÿùèåñÿ â íåêîòîðîé îêðåñòíîñòè íóëÿ. C èñïîëüçîâàíèåì
ìåòîäà êâàäðàòè÷íûõ ôóíêöèé Ëÿïóíîâà ìîæíî ïðîâåñòè îöåíêó îáëàñòè óñòîé÷èâîñòè,
à èìåííî, âû÷èñëèòü ýëëèïñ, âíóòðè êîòîðîãî îíè íàõîäÿòñÿ.

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êâàäðàòè÷íîé ïðàâîé ÷àñòüþ.
Çàïèøåì åå â óíèâåðñàëüíîì âåêòîðíî-ìàòðè÷íîì âèäå

ẋ = Ax+XTBx, (1)

ãäå

x ∈ Rn, A ∈ Rn×n, XT =

[
XT

1 , X
T
2 , ... , X

T
n

]
,

BT =

[
BT

1 , B
T
2 , ... , B

T
n

]
, Xi ∈ Rn×n, Bi ∈ Rn×n.

Çäåñü XT
i � ìàòðèöû, ó êîòîðûõ íà i−é ñòðîêå ñòîÿò åäèíèöû, îñòàëüíûå ýëåìåíòû íóëå-

âûå, Bi, i = 1, n � ñèììåòðè÷íûå ìàòðèöû. Äëÿ ñèñòåì ñ íåëèíåéíîñòüþ ýòîãî âèäà ïîëíàÿ
ïðîèçâîäíàÿ ôóíêöèè Ëÿïóíîâà èìååò âèä

d

dt
V (x) = ẋHx+ xTHẋ =

[
Ax+XTBx

]T
Hx+ xTH

[
Ax+XTBx

]
= −xTCx+ S3(x)

S3(x) = xT (XTB +BX)x. (2)

Çäåñü S3(x) � êóáè÷åñêàÿ ôîðìà âèäà (2). Îáëàñòü ãàðàíòèðîâàííîé àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ èìååò âèä âíóòðåííîñòè ýëëèïñà

Us =

{
x ∈ Rn : |x| < λmin (C)

2 |H| |B|

}
.

Â ðÿäå ñëó÷àåâ ñèñòåìà íå èìååò íóëåâîãî ðåøåíèÿ, ò.å. R(0) 6= 0 . Â ýòîì ñëó÷àå ôóíê-
öèÿ Ëÿïóíîâà V (x) = xTHx ïîçâîëÿåò îöåíèòü îáëàñòü ïðèòÿæåíèÿ Ustab(x) íåëèíåéíîé
ñèñòåìû.

1. Äàâèäîâ Â.Ô., Õóñàiíîâ Ä.ß. Ìàæîðàíòíi îöiíêè ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ñèñòåì ç
êâàäðàòè÷íîþ ïðàâîþ ÷àñòèíîþ // Âiñíèê Êè¨âñüêîãî óí-òó. Ñåðiÿ: Ôiçèêî-ìàòåìàòè÷íi
íàóêè, 1994. � Ñ. 206�211.
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ÌÀÒÐÈ×ÍÀ ÄÈÔÅÐÅÍÖIÀËÜÍÎ
ÀËÃÅÁÐÀ�×ÍÀ ÊÐÀÉÎÂÀ ÇÀÄÀ×À

Ç IÌÏÓËÜÑÍÈÌ ÂÏËÈÂÎÌ
Ñ.Ì. ×óéêî, Ì.Â. Äçþáà

Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê
chujko-slav@inbox.ru

Çíàéäåíî êîíñòðóêòèâíi íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ, à òàêîæ êîíñòðóêöiÿ
óçàãàëüíåíîãî îïåðàòîðà Ãðiíà äëÿ ïîáóäîâè ðîçâ'ÿçêiâ [1�3]

Z(t) ∈ C1
α×β{[a, b] \ {τi}I} := C1{[a, b] \ {τi}I} ⊗ Rα×β, i = 1, 2, . . . , p

ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i [4, 5]

AZ ′(t) = BZ(t) + F (t), t 6= τi, LZ(·) = A, A ∈ Rµ×ν . (1)

Òóò

AZ(t) : C1
α×β{[a, b] \ {τi}I} → Cγ×δ{[a, b] \ {τi}I} := C1{[a, b] \ {τi}I} ⊗ Rγ×δ

� ìàòðè÷íèé äèôåðåíöiàëüíî-àëãåáðà¨÷íèé îïåðàòîð, ÿêèé çà îçíà÷åííÿì, äëÿ áóäü-ÿêèõ
ñêàëÿðíèõ ôóíêöié ζ(t), ξ(t) ∈ C1{[a, b] \ {τi}I} i áóäü-ÿêèõ ñòàëèõ ìàòðèöü Ξ1,Ξ2 ∈ Rα×β

çàáåçïå÷ó¹ ðiâíiñòü

A(ζ ′(t)Ξ1 + ξ′(t)Ξ2)(t) = ζ ′(t)A(Ξ1)(t) + ξ′(t)A(Ξ2)(t).

Àíàëîãi÷íî, àëãåáðà¨÷íèé ìàòðè÷íèé îïåðàòîð

BZ(t) : C1
α×β{[a, b] \ {τi}I} → C1

γ×δ{[a, b] \ {τi}I}

çà îçíà÷åííÿì äëÿ áóäü-ÿêèõ ñêàëÿðíèõ ôóíêöié ζ(t), ξ(t) ∈ C1{[a, b] \ {τi}I} i áóäü-ÿêèõ
ñòàëèõ ìàòðèöü Ξ1,Ξ2 ∈ Rα×β çàáåçïå÷ó¹ ðiâíiñòü

B(ζ(t)Ξ1 + ξ(t)Ξ2)(t) = ζ(t)B(Ξ1)(t) + ξ(t)B(Ξ2)(t).

Òóò òàêîæ F (t) ∈ Cγ×δ{[a, b] \ {τi}I} � íåïåðåðâíà ïðè t 6= τi ìàòðèöÿ òà LZ(·) � ëiíiéíèé
îáìåæåíèé ìàòðè÷íèé ôóíêöiîíàë:

LZ(·) :=

p∑
i=0

`iz(·) : C1
α×β{[a, b]\{τi}I} → Rµ×ν , α 6= β 6= γ 6= δ 6= µ 6= ν, i = 1, 2, . . . , p,

äå

`iz(·) : C1
α×β[τi, τi+1[→ Rµ×ν , i = 0, . . . , p− 1, τ0 := a, `pz(·) : C1

α×β[τp, b]→ Rµ×ν

� ëiíiéíi îáìåæåíi ìàòðè÷íi ôóíêöiîíàëè.
1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value

problems (2-d edition). � Berlin; Boston: De Gruyter, 2016. � 298 p.
2. Ñàìîéëåíêî À.Ì., Ïåðåñòþê Í.À. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì âîçäåé-

ñòâèåì. � Êèåâ: Âèùà øê., 1987. � 287 ñ.
3. ×óéêî Ñ.Ì. Îïåðàòîð Ãðèíà êðàåâîé çàäà÷è ñ èìïóëüñíûì âîçäåéñòâèåì // Äèôôåðåíö.

óðàâíåíèÿ. � 2001. � 37, � 8. � Ñ. 1132�1135.
4. Campbell S. L. Singular Systems of di�erential equations. � San Francisco�London�Melbourne:

Pitman Advanced Publishing Program. � 1980. � 178 p.
5. Chuiko S.M. The Green's operator of a generalized matrix linear di�erential-algebraic boundary

value problem // Sib. Math. J. � 2015. � 56, No 4. � P. 752�760.
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Àâòîíîìíà ïåðiîäè÷íà çàäà÷à
äëÿ ðiâíÿííÿ òèïó Õiëëà

Ñ.Ì. ×óéêî, Î.Â. Í¹ñì¹ëîâà
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê

chujko-slav@inbox.ru

Äîñëiäæåíî çàäà÷ó ïðî çíàõîäæåííÿ óìîâ iñíóâàííÿ i ïîáóäîâó ðîçâ'ÿçêiâ [1]

y(t, ε) : y(·, ε) ∈ C2[0, T1(ε)], T1(0) = 2π, y(t, ·) ∈ C[0, ε0]

àâòîíîìíî¨ ïåðiîäè÷íî¨ çàäà÷i äëÿ ñëàáêîíåëiíiéíîãî ðiâíÿííÿ òèïó Õiëëà [2]

y′′(t, ε) + y(t, ε) = ε · Y (y(t, ε), ε). (1)

Ðîçâ'ÿçîê ïåðiîäè÷íî¨ çàäà÷i äëÿ ðiâíÿííÿ (1) øóêà¹ìî ó ìàëîìó îêîëi ïåðiîäè÷íîãî
ðîçâ'ÿçêó y0(t) ∈ C2[0, 2π] ïîðîäæóþ÷î¨ ïåðiîäè÷íî¨ çàäà÷i äëÿ ðiâíÿííÿ

y′′0(t) + y0(t) = 0.

Òóò Y (y, ε) � íåëiíiéíà ñêàëÿðíà ôóíêöiÿ, çîêðåìà, ïîëiíîì âiä íåâiäîìî¨ y òà ìàëîãî
ïàðàìåòðà ε, âèçíà÷åíîãî íà âiäðiçêó [0, ε0]. Íàìè ðîçãëÿíóòî âèïàäîê íàÿâíîñòi êðàòíèõ
êîðåíiâ ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ àìïëiòóä

F (c0, β0) :=

∫ 2π

0

Hr(s)

[
Y (y0(s, c0), ε)− 2 · β0 · y0(s, c0)

]
ds = 0, Hr(t) :=

[
sin t
− cos t

]
.

Íåâiäîìà β(ε) âèçíà÷à¹ ïåðiîä [3]

T (ε) := 2π(1 + εβ(ε)), β(ε) ∈ C[0, ε0], β(0) := β0

ðîçâ'ÿçêó ðiâíÿííÿ (1).
Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ ïîñòàâëåíî¨ çàäà÷i ó ÷àñòèííîìó êðèòè÷íîìó âèïàäêó

îòðèìàíi êîíñòðóêòèâíi íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ, à òàêîæ ïîáóäîâàíà çáiæíà
iòåðàöiéíà ñõåìà. Çàïðîïîíîâàíà iòåðàöiéíà òåõíiêà äîçâîëÿ¹ çíàõîäæåííÿ ðîçâ'ÿçêiâ àâ-
òîíîìíî¨ ïåðiîäè÷íî¨ çàäà÷i äëÿ ðiâíÿííÿ òèïó Õiëëà, ÿêi ¹ ïåðiîäè÷íèìè ôóíêöiÿìè. ßê
ïðèêëàä, äîñëiäæåíî çàäà÷ó ïðî çíàõîäæåííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñëàáêîíåëiíiéíîãî
ðiâíÿííÿ Äþôôiíãà

y′′ + y = ε · y3.

Îäåðæàíi íàìè äðóãi íàáëèæåííÿ äî ïåðiîäè÷íîãî ðîçâ'ÿçêó ðiâíÿííÿ Äþôôiíãà çíà÷íî
ïåðåâåðøóþòü çà òî÷íiñòþ íàáëèæåííÿ, îòðèìàíi çà òðàäèöiéíèì ìåòîäîì ïðîñòèõ iòå-
ðàöié, à òàêîæ òåõíiêîþ Áóáíîâà�Ãàëüîðêiíà. Äëÿ îöiíêè òî÷íîñòi çíàéäåíèõ íàáëèæåíü
äî ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ Äþôôiíãà âèêîðèñòîâóâàëèñü âåëè÷èíè íåâ'ÿçîê öèõ
íàáëèæåíü ó âèõiäíèõ ðiâíÿííÿõ.

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems (2-d edition). � Berlin; Boston: De Gruyter, 2016. � 298 p.

2. ßêóáîâè÷ Â.À., Ñòàðæèíñêèé Â.Ì. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïåðèîäè-
÷åñêèìè êîýôôèöèåíòàìè è èõ ïðèëîæåíèÿ. � Ìîñêâà: Íàóêà, 1972. � 720 ñ.

3. ×óéêî Ñ.Ì., Áîé÷óê È.À. Àâòîíîìíàÿ íåòåðîâà êðàåâàÿ çàäà÷à â êðèòè÷åñêîì ñëó÷àå //
Íåëiíiéíi êîëèâàííÿ. � 2009. � 12, � 3. � C. 405�416.
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Óìîâè iñíóâàííÿ ¹äèíîãî ïîëîæåííÿ ðiâíîâàãè
çàäà÷i Êîøi äëÿ ëiíiéíèõ ìàòðè÷íèõ
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü

Ñ.Ì. ×óéêî, Ä.Â. Ñèñî¹â
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, ì. Ñëîâ'ÿíñüê

chujko-slav@inbox.ru

Âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ ¹äèíîãî ïîëîæåííÿ ðiâíîâàãè

Z(t) ∈ C1
α×β[a, b] := C1[a, b]⊗ Rα×β, AZ ′(t) = 0, BZ(t) + F(t) = 0

çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü

AZ ′(t) = BZ(t) + F(t), Z(a) = A, A ∈ Rα×β. (1)

Òóò [1�3]

AZ ′(t) :=

p∑
i=1

Si(t)Z
′(t)Ri(t), BZ(t) :=

q∑
j=1

Φj(t)Z(t)Ψj(t)

� ëiíiéíi ìàòðè÷íi îïåðàòîðè,

Si(t),Φi(t) ∈ Cγ×α[a, b], Ri(t),Ψj(t) ∈ Cβ×δ[a, b], F (t) ∈ Cγ×δ[a, b]

� íåïåðåðâíi ìàòðèöi; êðiì òîãî α, β, γ, δ ∈ N � äîâiëüíi íàòóðàëüíi ÷èñëà.

Ìàòðè÷íå äèôåðåíöiàëüíî-àëãåáðà¨÷íå ðiâíÿííÿ (1) óçàãàëüíþ¹ òðàäèöiéíi ïîñòàíîâ-
êè, ÿê äëÿ ìàòðè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü [4, 5], òàê i äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷-
íèõ ðiâíÿíü [2, 3, 5]. Çàïðîïîíîâàíà êîíñòðóêòèâíà ñõåìà ïîáóäîâè ïîëîæåííÿ ðiâíîâàãè
çàäà÷i Êîøi ó âèïàäêó, êîëè ëiíiéíèé îïåðàòîð L, âiäïîâiäíèé îäíîðiäíié ÷àñòèíi ðiâíÿííÿ
íå ìà¹ îáåðíåíîãî.

Äîñëiäæåííÿ êðàéîâèõ çàäà÷, ÿê ìàòðè÷íèõ, òàê i äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ, ãðóí-
òó¹òüñÿ íà äîñëiäæåííi àëãåáðà¨÷íèõ ìàòðè÷íèõ ðiâíÿíü, çîêðåìà, ðåçóëüòàòè, îòðèìàíi
äëÿ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ Ëÿïóíîâà [6] òà ðåçóëüòàòè äîñëiäæåííÿ ìàò-
ðè÷íèõ ðiâíÿíü [5, 6, 7], ó òîìó ÷èñëi, ðiâíÿíü òèïó Ëÿïóíîâà òà Ñèëüâåñòðà.

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems (2-d edition). � Berlin; Boston: De Gruyter, 2016. � 298 p.

2. Campbell S. L. Singular Systems of di�erential equations. � San Francisco�London�Melbourne:
Pitman Advanced Publishing Program. � 1980. � 178 p.

3. Chuiko S.M. The Green's operator of a generalized matrix linear di�erential-algebraic boundary
value problem // Sib. Math. J. � 2015. � 56, No 4. � P. 752�760.

4. Boichuk A.A., Krivosheya S.A. A Critical Periodic Boundary Value Problem for a Matrix
Riccati Equations // Di�erential Equations. � 2001. � 37, No 4. � P. 464�471.

5. Chuiko S.M. Generalized Green Operator of Noetherian boundary-value problem for matrix
di�erential equation // Russian Mathematics. � 2016. � 60, No 8. � P. 64�73.

6. Boichuk A.A., Krivosheya S.A. Criterion of the solvability of matrix equations of the Lyapunov
type // Ukr. Math. J. � 1998. � 50, No 8. � P. 1162�1169.

7. Chuiko S.M. A generalized matrix di�erential-algebraic equation // Journal of Mathematical
Sciences (N.Y.). � 2015. � 210, No 1. � P. 9�21.
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50 ëåò òåîðèè
èìïóëüñíûõ êðàåâûõ çàäà÷
Ñ.Ì. ×óéêî, Å.Â. ×óéêî, À.Ñ. ×óéêî

Äîíáàññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, ã. Ñëàâÿíñê
chujko-slav@inbox.ru

Â 2017 ãîäó èñïîëíÿåòñÿ 50 ëåò êîíñòðóêòèâíîé òåîðèè èìïóëüñíûõ êðàåâûõ çàäà÷,
à èìåííî, � 50 ëåò ñ ìîìåíòà ïóáëèêàöèè ñòàòüè [1]. Êàê èçâåñòíî, èññëåäîâàíèå èì-
ïóëüñíûõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, òðàäèöèîííîå
äëÿ êèåâñêîé øêîëû íåëèíåéíûõ êîëåáàíèé, áûëî íà÷àòî â 1937 ãîäó Í.Ì. Êðûëîâûì è
Í.Í. Áîãîëþáîâûì ñ èçó÷åíèÿ ìåõàíèçìà ÷àñîâ, â êîòîðîì çàòóõàíèå êîëåáàíèé, âûçûâà-
åìîå òðåíèåì, êîìïåíñèðîâàëîñü ïåðèîäè÷åñêèìè òîë÷êàìè àíêåðà [2]. Êðîìå òîãî, â 1937
ãîäó ðàçðûâíûå ìåõàíè÷åñêèå, à òàêæå ýëåêòðè÷åñêèå êîëåáàíèÿ îáñóæäàëèñü â èçâåñòíîé
ìîíîãðàôèè À.À. Àíäðîíîâà, À.À. Âèòòà è Ñ.Ý. Õàéêèíà [3]. Çàìåòèì, ÷òî èññëåäîâà-
íèå èìïóëüñíûõ êðàåâûõ çàäà÷, ïðåäøåñòâîâàâøåå ïóáëèêàöèè ñòàòüè [1], íîñèëî ïîñòà-
íîâî÷íûé õàðàêòåð è îãðàíè÷èâàëîñü ïåðå÷èñëåíèåì ïðèìåðîâ èìïóëüñíûõ ïðîöåññîâ â
ìåõàíèêå, ýëåêòðîíèêå, ôèçèîëîãèè [3,4]; êðîìå òîãî, èññëåäîâàíèå èìïóëüñíûõ êðàåâûõ
çàäà÷ áûëî ñîñðåäîòî÷åíî ïðåèìóùåñòâåííî íà ëèíåéíûõ ñèñòåìàõ [5].

Òàêèì îáðàçîì, â 2017 ãîäó èñïîëíÿåòñÿ 50 ëåò ôîðìóëèðîâêå îáùèõ ïîëîæåíèé òåî-
ðèè êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ èìïóëüñíûì âîçäåéñòâèåì â ôèêñèðîâàííûå ìîìåíòû âðåìåíè [1]. Â ÷àñòíîñòè áûëè ïî-
ëó÷åíû óñëîâèÿ åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè, à òàêæå óñëîâèÿ ñóùåñòâîâàíèÿ
åäèíñòâåííîãî ïåðèîäè÷åñêîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ íåëèíåéíûõ ñèñòåì îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì â ôèêñèðîâàííûå ìîìåí-
òû âðåìåíè.

Äàëüíåéøåå ðàçâèòèå òåîðèè êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì â ôèêñèðîâàííûå ìîìåíòû
âðåìåíè ïðåæäå âñåãî ñâÿçàíî ñ ìîíîãðàôèÿìè À.Ì. Ñàìîéëåíêî è Í .À. Ïåðåñòþêà [6],
à òàêæå À.Ì. Ñàìîéëåíêî è À.À. Áîé÷óêà [7]. Èññëåäîâàíèþ òåîðèè êðàåâûõ çàäà÷ äëÿ
ëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâè-
åì â ôèêñèðîâàííûå ìîìåíòû âðåìåíè â âèäå ïðîèçâîëüíûõ ëèíåéíûõ ôóíêöèîíàëîâ, â
îòëè÷èå îò ñòàòüè [1], çàäàííûõ íå îáÿçàòåëüíî â îêðåñòíîñòè ìîìåíòîâ èìïóëüñíîãî âî-
çäåéñòâèÿ ïîñâÿùåíà ñòàòüÿ [8].

1. Ìûøêèñ À.Ä., Ñàìîéëåíêî À.Ì. Ñèñòåìû ñ òîë÷êàìè â çàäàííûå ìîìåíòû âðåìåíè //
Ìàòåìàò. ñáîðíèê. Íîâàÿ ñåðèÿ. � 1967. � 74 (2). � Ñ. 202�208.

2. Êðûëîâ Í.Ì., Áîãîëþáîâ Í.Í. Ââåäåíèå â íåëèíåéíóþ ìåõàíèêó. � Êèåâ: Èçä-âî ÀÍ
ÓÑÑÐ, 1937. � 365 ñ.

3. Àíäðîíîâ À.À., Âèòò À.À., Õàéêèí Ñ.Ý. Òåîðèÿ êîëåáàíèé. � Ìîñêâà: Íàóêà, 1981. � 568 ñ.
4. Fitzhugh R. Impulses and physiological states in models of nerve membrane // Biophysical

Journal. � 1961. � No 1. � P. 445�466.
5. Ìèëüìàí Â.Ä., Ìûøêèñ À.Ä. Îá óñòîé÷èâîñòè äâèæåíèÿ ïðè íàëè÷èè òîë÷êîâ // Ñèá.

ìàò. æóðí. � 1960. � 1, � 2. � Ñ. 233�237.
6. Ñàìîéëåíêî À.Ì., Ïåðåñòþê Í.À. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì âîçäåé-

ñòâèåì. � Êèåâ: Âèùà øê., 1987. � 287 ñ.
7. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value

problems. � Utrecht; Boston: VSP, 2004. � 317 P.
8. Chuiko S.M. A Generalized Green operator for a boundary value problem with impulse action

// Di�erential Equations. � 2001. � 37, No 8. � P. 1189 � 1193.
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Ãðiäi-àëãîðèòìè íà êëàñàõ (ψ, β)-äèôåðåíöiéîâíèõ
ôóíêöié

Âiêòîðiÿ Øêàïà
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, ì. Êè¨â

vshkapa@ukr.net

Äîñëiäæóþòüñÿ ãðiäi-àëãîðèòìè íà êëàñàõ Lψβ,p ïåðiîäè÷íèõ ôóíêöié îäíi¹¨ çìiííî¨ ó

ïðîñòîði Lq äëÿ äåÿêèõ ñïiââiäíîøåíü ìiæ ïàðàìåòðàìè p òà q. Êëàñè Lψβ,p áóëî ââå-
äåíî Î.I. Ñòåïàíöåì (äèâ., íàïðèêëàä, [1, ñ. 25]). Çàçíà÷èìî, ùî ó âèïàäêó ψ(|k|) =
|k|−r, r > 0, k ∈ Z \ {0} âîíè çáiãàþòüñÿ ç êëàñàìè Âåéëÿ-Íàäÿ W r

β,p (äèâ., íàïðèêëàä, [1,
ñ. 25]).

×åðåç B ïîçíà÷èìî ìíîæèíó äîäàòíèõ i íåçðîñòàþ÷èõ ôóíêöié ψ, äëÿ êîæíî¨ ç ÿêèõ
iñíó¹ òàêà ñòàëà C > 0, ùî ψ(t)

ψ(2t)
≤ C, t ∈ N.

Lq � ïðîñòið âèìiðíèõ 2π-ïåðiîäè÷íèõ ôóíêöié f çi ñòàíäàðòíîþ íîðìîþ.
Íåõàé {f̂(k(l))}∞l=1 � êîåôiöi¹íòè Ôóð'¹ {f̂(k)}k∈Z ôóíêöi¨ f ∈ L1, âïîðÿäêîâàíi ó ïî-

ðÿäêó íåçðîñòàííÿ ¨õ ìîäóëiâ, òîäi âåëè÷èíó

Gm(Lψβ,p)q := sup
f∈Lψβ,p

∥∥∥∥∥f(x)−
m∑
l=1

f̂(k(l))eik(l)x

∥∥∥∥∥
q

íàçèâàþòü âåëè÷èíîþ íàáëèæåííÿ â ïðîñòîði Lq êëàñó L
ψ
β,p çà äîïîìîãîþ ãðiäi àïðîêñè-

ìàíò. Ç iñòîði¹þ äîñëiäæåííÿ äàíî¨ âåëè÷èíè äëÿ äåÿêèõ âàæëèâèõ ôóíêöiîíàëüíèõ êëàñiâ
ìîæíà îçíàéîìèòèñÿ ó ìîíîãðàôi¨ [2].

Ñôîðìóëþ¹ìî îòðèìàíi ðåçóëüòàòè.
Òåîðåìà 1. Íåõàé 1 < p < q ≤ 2, ψ ∈ B, β ∈ R i, êðiì òîãî, iñíó¹ ε > 0 òàêå, ùî

ïîñëiäîâíiñòü ψ(t)t
1
p
− 1
q

+ε, t ∈ N, íå çðîñòà¹. Òîäi ñïðàâåäëèâà ïîðÿäêîâà îöiíêà

Gm(Lψβ,p)q � ψ(m)m
1
p
− 1

2 .

Òåîðåìà 2. Íåõàé 1 ≤ q ≤ 2 ≤ p < ∞, ψ ∈ B, β ∈ R. Òîäi ñïðàâåäëèâå íàñòóïíå
ñïiââiäíîøåííÿ

Gm(Lψβ,p)q � ψ(m).

Çàóâàæåííÿ. Ïîêëàâøè â òåîðåìàõ 1, 2 ψ(|k|) = |k|−r, îòðèìà¹ìî âiäïîâiäíi ðåçóëü-
òàòè äëÿ âåëè÷èí Gm(W r

p,β)q, ÿêi ðàíiøå áóëî îòðèìàíî Â.Ì. Òåìëÿêîâèì ó ðîáîòi [3].

1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. � Êè¨â: Íàóê. äóì-
êà, 1987. � 286 c.

2. Temlyakov V.N. Greedy approximation. � Cambridge: Cambridge University Press, 2011. �
418 p.

3. Temlyakov V. N. Greedy algorithms with regard to multivariate systems with special structure
// Constr. Approx. � 2000. � 16. � P. 399�425.
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Íàáëèæåííÿ ôóíêöié ç êëàñiâ
Íiêîëüñüêîãî�Á¹ñîâà öiëèìè ôóíêöiÿìè

Ñåðãié ßí÷åíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â

yan.sergiy@gmail.com
Ó äîïîâiäi ìîâà áóäå éòè ïðî òî÷íi çà ïîðÿäêîì îöiíêè íàáëèæåííÿ ôóíêöié ç êëàñiâ

Srp,θB(Rd) [1] çà äîïîìîãîþ öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó ç íîñiÿìè ¨õ ïåðåòâîðå-
ííÿ Ôóð'¹ ó ñõiä÷àñòîìó ãiïåðáîëi÷íîìó õðåñòi, p = 1.

Íåõàé Lq(Rd), 1 6 q 6∞, � ïðîñòið âèìiðíèõ ôóíêöié f(x) = f(x1, . . . , xd) âèçíà÷åíèõ
íà Rd, d > 1, çi ñòàíäàðòíîþ íîðìîþ ‖ · ‖q.

Âåêòîðó r = (r1, . . . , rd), 0 < r1 = · · · = rν < rν+1 6 · · · 6 rd, ïîñòàâèìî ó âiäïî-
âiäíiñòü âåêòîð γ = (γ1, . . . , γd), γj = rj/r1, j = 1, d. Äëÿ s ∈ Zd+, n ∈ N, ïîêëàäåìî
Qγn =

⋃
(s,γ)6nQ

∗
2s , äå Q

∗
2s =

{
λ = (λ1, ..., λd) : η(sj)2

sj−1 6 |λj| < 2sj , λj ∈ R, j = 1, d
}
, òà

ïîçíà÷èìî
G
(
Qγn
)

=
{
f ∈ Lq(Rd) : suppFf ⊆ Qγn

}
.

Ìíîæèíà Qγn ïîðîäæó¹ â Rd, òàê çâàíèé, ñõiä÷àñòèé ãiïåðáîëi÷íèé õðåñò.
Äëÿ f ∈ Lq(Rd), 1 6 q 6∞, îçíà÷èìî âåëè÷èíó

E
(
f,G

(
Qγn
))
q

:= EQγn(f)q := inf
g∈G(Qγn)

‖f(·)− g(·)‖q, (1)

ÿêà íàçèâà¹òüñÿ íàéêðàùèì íàáëèæåííÿì ôóíêöi¨ f öiëèìè ôóíêöiÿìè ç ìíîæèíè G
(
Qγn
)
.

ßêùî F ⊂ Lq(Rd) � äåÿêèé ôóíêöiîíàëüíèé êëàñ, òî ïîêëàäåìî EQγn(F )q = supf∈F EQγn(f)q.
Äàëi, äëÿ f ∈ Lq(Rd), 1 6 q 6∞, ðîçãëÿíåìî

SQγnf(x) = SQγn(f,x) =
∑

(s,γ)6n

δ∗s(f,x), x ∈ Rd,

äå δ∗s(f,x) = F−1(χ
Q∗

2s
· Ff), χ

Q
γ
n
� õàðàêòåðèñòè÷íà ôóíêöiþ ìíîæèíè Qγn, à Ff i F−1f

âiäïîâiäíî ïðÿìå é îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ f . Îçíà÷èìî òàêi âåëè÷èíè

EQγn(f)q = ‖f(·)− SQγnf(·)‖q òà EQγn(F )q = sup
f∈F
EQγn(f)q.

Òåîðåìà 1. Íåõàé 1 < q <∞ i r1 > 1− 1
q
. Òîäi äëÿ 1 6 θ 6∞ ìàþòü ìiñöå ïîðÿäêîâi

ñïiââiäíîøåííÿ

EQγn(Sr1,θB)q � EQγn(Sr1,θB)q � 2−n(r1−1+ 1
q )n

(ν−1)( 1
q
− 1
θ )+ ,

äå a+ = max{a; 0}.
Òåîðåìà 2. Íåõàé r1 > 1, 1 6 θ 6∞. Òîäi ìà¹ ìiñöå ïîðÿäêîâå ñïiââiäíîøåííÿ

EQγn
(
Sr1,θB

)
∞ � 2−n(r1−1)n(ν−1)(1− 1

θ ).

Òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èíè (1) äëÿ êëàñiâ Íiêîëüñüêîãî Sr1H(Rd) (òåîðåìà 1)
âñòàíîâëåíî â [2]. Ðåçóëüòàò òåîðåìè 2 ¹ íîâèì i äëÿ êëàñiâ Íiêîëüñüêîãî.

1. Àìàíîâ Ò.È. Òåîðåìû ïðåäñòàâëåíèÿ è âëîæåíèÿ äëÿ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ S(r)
p,θB(Rn)

è S(r)∗
p,θ B, (0 6 xj 6 2π; j = 1, . . . , n) // Òð. Ìàò. èí-òà ÀÍ ÑÑÑÐ. � 1695. � 77. � Ñ. 5�34.

2. Heping W., Yongsheng S. Approximation of functions in S̃r1L, S
r
1H by entire functions // Approx.

Theory and its Appl. � 1999. � 11, No 4. � P. 88�93.
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Êâàçiëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ i ñèñòåìè
åëiïòè÷íîãî òèïó â äèâåðãåíòíié ôîðìi

Ìèêîëà Iâàíîâè÷ ßðåìåíêî
Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI iìåíi Iãîðÿ Ñiêîðñüêîãî" , ì. Êè¨â

math.kiev@gmail.com
Ðîçãëÿíåìî â óñüîìó åâêëiäîâîìó ïðîñòîði Rl êâàçiëiíiéíó äèôåðåíöiàëüíó ñèñòåìó

åëiïòè÷íîãî òèïó â äèâåðãåíòíié ôîðìi, âèãëÿäó:

λuk −
∑

i,j=1,...,l

∂

∂xi

(
aij(x, ~u)

∂

∂xj
uk
)

+ bk(x, ~u,∇~u) = fk, k = 1, ..., N, (1)

äå íåâiäîìîþ ¹ âåêòîð-ôóíêöiÿ uk (x) =
(
u1, ...., uN

)
, λ > 0 äiéñíå ÷èñëî i f(x) = fk =

(f 1, ..., fN)� çàäàíà âåêòîð-ôóíêöiÿ. Ôóíêöiÿ b(x, u,∇u) = bk(x, uk,∇uk) � âåêòîð-ôóíêöiÿ
äîâæèíè N òðüîõ çìiííèõ: âåêòîðà ðîçìiðíîñòi l, âåêòîðà ðîçìiðíîñòi N , ìàòðèöi ðîçìið-
íîñòi l × N . Âèìiðíà ìàòðèöÿ aij(x, u) ðîçìiðíîñòi l × l çàäîâîëüíÿ¹ óìîâó åëiïòè÷íîñòi.
Óçàãàëüíåíèì (ñëàáêèì) ðîçâ'ÿçêîì â W p

1 (Rl, dlx) íàçèâà¹òüñÿ åëåìåíò u (x) ÿêèé çàäî-
âîëüíÿ¹ iíòåãðàëüíó òîòîæíiñòü:

λ 〈u, v〉+

〈 ∑
i,j=1,...l

aij
∂

∂xj
u,

∂

∂xi
v

〉
+ 〈b, v〉 = 〈f, v〉 ,

äëÿ áóäü-ÿêîãî åëåìåíòó v ∈ W q
1,0(Rl, dlx). Âèõîäÿ÷è ç öüîãî îçíà÷åííÿ çà ëiâèìè ÷àñòè-

íàìè ñèñòåìè ïîáóäó¹ìî ñêàëÿðíó ôîðìó hpλ :

(
N
×
1
W p

1 (Rl, dlx)

)
×
(
N
×
1
W q

1 (Rl, dlx)

)
→ R,

hpλ(u, ν) ≡ λ 〈u, v〉+ 〈∇v ◦ a ◦ ∇u〉+ 〈b(x, u,∇u), v〉 ,
ÿêó áóäåìî ââàæàòè âèçíà÷åíîþ äëÿ âñiõ åëåìåíòiâ u ∈ W p

1 (Rl, dlx), v ∈ W q
1 (Rl, dlx).

Äëÿ êîæíîãî ôiêñîâàíîãî âåêòîðà u ∈ W p
1 ôîðìà hpλ (u, v) ¹ íåïåðåðâíèì ëiíiéíèì (ïî

v ∈ W q
1 ) ôóíêöiîíàëîì íàäW q

1 , à îòæå êîæíîìó u ∈ W
p
1 ñòàâèòüñÿ ó âiäïîâiäíiñòü åëåìåíò

ñïðÿæåíîãî äî W q
1 ïðîñòîðó W p

−1, òîáòî iñíó¹ âiäîáðàæåííÿ Ap : W p
1 → W p

−1. Îïåðàòîð
Ap : W p

1 → W p
−1 äi¹ òàêèì ÷èíîì: hpλ (u, v) = 〈Ap (u) , v〉.

Òåîðåìà. Íåõàé ñèñòåìà (1) çàäîâîëüíÿ¹ óìîâàì: 1) b(x, y, z) ¹ âèìiðíîþ âåêòîðíîþ
ôóíêöi¹þ ñâî¨õ àðãóìåíòiâ i b ∈ L1

loc(R
l); 2) âåêòîð-ôóíêöiÿ b(x, y, z) ìàéæå ñêðiçü çà-

äîâîëüíÿ¹ íåðiâíîñòi: |b (x, u,∇u)| ≤ µ1(x) |∇u| + µ2(x) |u| + µ3(x), ôóíêöi¨ µ2
1 ∈ PKβ(A),

µ2 ∈ PKβ(A), µ3 ∈ Lp(Rl). 3) ïðèðiñò âåêòîð-ôóíêöi¨ b(x, y, z) ìàéæå ñêðiçü çàäîâîëü-
íÿ¹ óìîâó: |b (x, u,∇u)− b (x, v,∇v)| ≤ µ4(x) |∇ (u− v)| + µ5(x) |u− v|, äå µ2

4 ∈ PKβ(A),
µ5 ∈ PKβ(A), òîäi u(x) ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì ñèñòåìè (1), ùî íàëåæèòü ïðîñòî-
ðó W 2

1 (Rl, dlx), i íåõàé ìàòðèöÿ aij(x) ¹ åëiïòè÷íîþ, i íåõàé êîåôiöi¹íòè ñèñòåìè (1)

äîäàòêîâî çàäîâîëüíÿþòü óìîâàì
∣∣∣ ∂
∂xk

aij(x)
∣∣∣ < ∞, i óìîâè ôîðì-îáìåæåíîñòi ôóí-

êöi¨ b (òîáòî íàëåæíiñòü ôóíêöié µi äî âiäïîâiäíèõ ôóíêöiîíàëüíèõ êëàñiâ, µ2
1 ∈ PKβ,

(µ1µ2)2 ∈ PKβ, µ2
2 ∈ PKβ, µ1µ3 ∈ PKβ, µ2µ3 ∈ PKβ, µ2 ∈ PKβ, µ2

3 ∈ L2 êðiì òîãî ÷èñëî λ
¹ äîñòàòíüî âåëèêèì, òîáòî áiëüøèì λ0, ÿêå âèçíà÷à¹òüñÿ ç óìîâ çàäà÷i. Òîäi ðîçâ'ÿçîê
áóäå íàëåæàòè ïðîñòîðó W 2

2 (Rl, dlx), òîáòî áóäå ïîêðàùåííÿ âëàñòèâîñòåé ðîçâ'ÿçêó,
çâóæåííÿ êëàñó ôóíêöié äî ÿêîãî íàëåæèòü ðîçâ'ÿçîê.

1. Ëàäûæåíñêàÿ Î.À., Óðàëüöåâà Í.Í. Ëèíåéíûå è êâàçèëèíåéíûå óðàâíåíèÿ ýëëèïòè÷åñêîãî
òèïà. � Ìîñêâà: Íàóêà, 1973. � 579 ñ.

2. ßðåìåíêî Ì.I. Êâàçiëiíiéíi ðiâíÿííÿ òà íåëiíiéíi íàïiâãðóïè ñòèñêó. � Êè¨â: ÍÒÓÓ "ÊÏI" ,
2013. � 201 ñ.
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